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A Markov Process

The probability distribution of X1 Is
dependent only on the current state X.

Pr{X;=3})=02 3

Pr{Xw1 =3} =?

Pr{Xw1 =2} = ?

Pr{Xws1 =1} = ?

000

0000

0000

[ XX )

[ X )

[ )
Use
concept of
transition
rate!

X

Copyrightby Chanan Singh
For educational purpose only




Transition Probability

Probability of being in state j at time t, given
that the process started in state i, Pj (t)

e Let Xijbe the random variable of time duration
from state i to j, then

Pi(At) = Pr{t <Xj < t+ At | X >t}
e From hazard rate as At — 0,
NiAt = Pr{ t <Xjj < t+ At | Xjj> t}

‘ Pii(A t) = AijAt ‘
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A Three-State System

e Assume that the system started in state 1,
find Pas(t+At).
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t=0 Xt Xt+A=
e From conditional probability as At — tO,
P(t+At) = P1(t) P1a(At) + Pa2(t) P2s(At)+ Pis(t) Psa(At)
= Pu(t) + Pa2(t) A2s At + Pas(t) Ass At
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e Since Psi(At) + Ps(At) + Pss(At) = 1, then
A3z At + As2 At + As1 At =1
A3z At = 1 - A2 At - As1 At
e \We have,
P(t+At) = Pu(t) + Po(t) A2z At
+ Pa(t) (1 - As2 At - Azt At)
e [hen,

[Poa(t+At) - Pa(t) / At
— P11(t) + P12(t) A3 + P13(t) (- A31 -)\32) = P,13(t)
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e Thus, A

Plg(t)=[Pn(t) Plz(t) ])13(t):| Ay
s

e Where A, =-(4,+4,)

e Similarly, we have

A Ay
[B(0) By(t) B(t)=[R.(t) B.() B(O)|A A A
_;]31 Ay 133_

C py ghtby Chanan Slngh
educational purpose only




Transition Rate Matrix

A Ay A
R = )’21 )’22 A23
_A'sl j'32 2'33 |

e Ajis transition rate from state ito ), i # .
e where Ai = -2 Ajj
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Steady State Probability

e From differential equation, at steady state the
derivatives are zero,

0 0 o]=[r A AR

e |n addition, 2P =1,
P+P +P =1
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Transient Behavior

P(t) = P(HR
As At = 0"
P(t + At) = P(t) + P'(t)Ar
= P(t)(/ + R Ar)

It time ¢ is divided into a very large number of equal intervals Af, so that Az is
very small (= 0), the above expression can be written as a recursive relationship

P(jAt) = P(j—1 At)[I + R At]
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Transient Behavior

P(jAt) = P(j— 1 Af)[I + RAt]

It should be noted that the above equation implies
he approximation of a Markov process in continuous time
by a discrete time Markov process with steps equal to At

The (if)th element of (/ + R A7) is \;; Az, i.c. the probability of
transiting from state 7 to state j in one step of length Az. Therefore [/ + RA!]
is a one step transition probabilily matrix. It can also be seen that

P(jAY) = [I+RAt)
which is the matrix multiplication technique in the discrete time case
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Example

One of the processes commonly encountered in
reliability studies is the two state Markov process. The
state transition diagram for this process is shown below
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Example

Transition rate matrix

-

Take Laplace transform

R =

Ps) = PO)[s/ —R]™
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Example

The probability vector can be obtained

(Po(t) p1(2)) = (Po(0)p1(0))P(2)

u

(
o) = 54040 PO+ O PO Xﬁ) o het

At
o poy o
= —— 4 [po(0) — ——| e"A+m)t
and AEH (\ }\+u/
A A\ o
pi(t) = m*‘ \P;(O)—)\_*_“) e~ A+t
Ast - o
M A
) = T — = - —_—
eg(“) Po \+ 1 I:_l)(“) P \+ 1
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Example

The steady state probability can also be obtained as

—A A
(Po p:)[ ] =0
o —u

One of these identical equations can be used with

Potpy =1
to give
Py = ——
0 =
A+ u
and
P = T

N+ | |
| 24 Copyrightby Chanan Singh
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First Passage Times

Denote the first passage time from state 7 to state j by T’;;, i.e. this is the time
to enter state j for the first time starting in state 7. If the state j is now made an
absorbing state, the behaviour of the new stochastic process and the original
process is the same until meeting j for the first time. If p;; (1) is the probability
of being in state j, starting in state 7 for the new process then

ATy <t) = pi(t)

The probability density function fij (¢) can be found by differentiation

fii(¢) = —(P(Tu<{)) "c'i“pd(f)

The Laplace transform can be obtained by

£ §Y = s$p:As Copyrightby Chanan Singh
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First Passage Times

The kth moment of the first passage time can be found by
previously mentioned transform method

dk

k) _ k -
T’ = (—1) (‘18—;,fij(3)8=

0
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First Passage Times

If the absorbing state is the failed state, then the mean first passage time
represents the MTTFF. The above procedure can be conveniently carried out in
the matrix form. Let the states 1 to J be the elements of subset X™ and J+1 to

N be the elements of X ™. It is required to find the first passage time to the
subset X~. The matrix of transition rates can now be partitioned as follows

[Ru Rn]
R =
R Ry

where
Ry, is aJ x J matrix

Ry isaJ x (N —J) matrix

R,y isa (N —J) x J matrix
Ry isa (N —J) x (N —J) matrix Copyrightby Chanan Singh
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Example System

l Transmission
Line
[.oad

e Two generators are identical; each generator has generation capacity
of 100MW, failure rate A_G=0.1/day, repair rate y_G=2/day

e Transmission line’s failure rate A_T=0.01/day, repair rate y_G=4/day
e Loadis 100MW

Define failure of this system as load being not supplied.
Assume all the failures of components are independent
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Example System
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Example System 2
R
K —(4 + A7 + pg) 0 Ag 0 Ar 0 0
K 0 —(Ag +Ar +p5) Ag 0 0 Ar 0
_ 0 Hg Hg —(Ar + 2u¢) 0 0 0 Ar
HT 0 0 0 —(24¢ + ) Ag Ag 0
0 HT 0 0 Hg —(A¢ + pg +ur) 0 Ag
0 0 Kt 0 K 0 —(Ag + bg +ur) Ag
0 0 0 HT 0 Hg Hg —(2pg + ur)

Transition rate matrix
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First Passage Times

The states jeX™ are now absorbing states and therefore R a1 and R ,, areset to
zero. Let p(7) be the vector of state probabilities for an initial starting condition.
This vector can be expressed as (p () p_(¢)) where p (1) and p_() are the vectors
containing the states ieX " and ieX respectively. The forward differential
equation now becomes

d R Ry,
7 P+0p-0) = (p.()p-(1))
l 0 0
Taking the Laplace transforms
$p4(s) —p.(0) = P.(s)R1,
P-(s) = Pu(s)R 2
p-(0) = 0 as the process started in i € X *. These equations can be rearranged

as
Pi(s) = p(O)s] — Ry, ]
and

sp_(s) = p,(ONsI —R;;))"'Ry, Copyrightby Chanan Singh
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First Passage Times

The probability of being in subset X~ at time tis p_(t)Uy_;
Where Uy _; is a unit column vector of dimension N-J
Previously, we have obtained

fif(s) = spyls)

Thus the Laplace transform of the probability density
function of the first passage time is

f (s) = sp- (S)UN—] = p4+(0)(sI — R)_1R12UN—]
Since the rows of the transition rate matrix sum to zero
RlZUN—] + RllU] =0

Therefore
f (s) =ps(0)(sI = Ry1) ' (—R1)U;

Copyrightby Chanan Singh
For educational purpose only




Copyright by Chanan Singh, For
educational use only - not for sale

First Passage Times

f (s) =p+(0)(sI — Ry1) Y (—R1)U;

dk
T = CD w6
=0

The rth initial moment can be found

T = k!'p,(0)(—R11)7*Y;
The mean is

T=T® =p,(0)(—R1)'Y,

If the process started in the first state
T=T® =(100 .. 0)(—Ry1) U,
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First Passage Times

If X~ represents the failed condition, then T is the MTTFF. It should be
realized that T = T = p, (0)(—R11) U, can be derived from the theory
of discrete time Markov chains by assuming that each step of the chain is
At = 0.

The matrix of one step transition probability becomes [I + RAt] and by
truncating the absorbing state, Q = [I + R;,At] and therefor the
fundamental matrix

N = -0 = £ (-Rul™

This matrix gives the number of steps spent in the different states. The time
spent in the different states can be obtained by multiplying by At i.e. the
step length. From this point on it is easy to see that

T=TWY = p+(0)(—R11)7Y;
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First Passage Times

The first passage time represents the time of entering a state or a set of
states for the first time, starting in a particular state It is sometimes necessary,
however, to find the mean time spent in subset X" or X" For example, if
xt and X~ represent the up and down states respectively, these time
parameters represent the mean up time and the mean down time. In order to
calculate these quantities, it is necessary to know the probabilities of beginning
X" in the various states, which are its elements. Denoting the steady state
probabilities of being in varlous states of the original process by p; the
probability of beginning X% in state Jis

E}";{- pi>‘u
(0) = ——— e
p;(0) S 2 pg
JEX*ieX™
In vector form
p-Ry;
p+(0) -
R U,

Here

A;j is the transition rate from state | to state j
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First Passage Times

In the steady state

P+R 1 +p_Ry =0

Therefore

—P.Ryy

The mean stay in X% is

T =

—p. Ry (—Ry)'U,

m—

P+R12Un-p

= '_e};f’i/izl’lz Aij

=Zpi

iex®*

extjex-

2hed N

i€X” jex*

p+Rl2 UN-k

p+Uk
PiR pUn_g
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First Passage Times

In a similar manner the mean duration in state X~

T > i /Y b Y N

i€EX" i€EX” jext

Z Pi/z Pi Z Nij
i€X- i€EX* jex-

Il
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First Passage Times

+The mean cycle time, i.e. the time between two successive encounters of
X or X

T=T"+T"

=1 ZpiZRu

iex- jex*?

=1/ 2 i 2 N

iext jex-

These relationships will be derived from
the frequency balancing technique in
following lectures
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