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Volterra Series: History

In 1887, Vito Volterra : “Volterra Series” as a model for
nonlinear behavior

In 1942, Norbert Wiener: applied Volterra Series to
nonlinear circuit analysis

In 1957, J. F. Barrett: systematically applied Volterra
series to nonlinear system; Later, D.A. George: used the
multidimensional Laplace transformation to study
Volterra operators

Nowadays: extensively used to calculate small, but
nevertheless troublesome, distortion terms in transistor

amplifiers and systems.



Why do we need Volterra Series?

m At high enough frequency, the assumption there’'s no
memory effect due to capacitors and inductors — NOT
CORRECT!

m Taylor series analysis: NO memory effect, cannot
calculate distortion at high frequency

m Low frequency analysis: high-frequency effect can
degrade distortion performance by 100% more than
predicted.

eg. Fully differential circuits without mismatch:
Low-frequency analysis predicts the HD, to be zero

Volterra series reveals an HD, as high as -32dB (see the numerical
example later)



When Volterra Series Are Good?

m Can calculate the high-frequency-low-
distortion terms for weakly non-linear time-
iInvariant (NLTI) system with memory
effect

m “Weakly nonlinear” assumption:

Input excitation is “small” = use polynomials
to model nonlinearities

When small inputs, the 15t term dominates
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When Volterra Series Are Bad?

m Results are a sum of infinite numbers of terms, possible
to diverge

m Define: “weak enough” system (G1>>G3>>G5; G1, G3,
G5 = 1st order, 3" order, and 5% order Volterra kernels;
G5 is small to be negligible), the infinite sums will
converge and converge rapidly

m “Strongly nonlinear” system: sum will diverge, Volterra
series becomes invalid - Volterra series are impractical
In strongly nonlinear problems
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Volterra Series: basic

B Linear system without memory :

y(t) =h-x(t)

Output y at instant t only depends on input x at that instant only.
h: linear gain

M Linear, discrete, causal and time-invariant system with memory
(described by summing all the effects of past inputs with proper “weights”):

Y=Y () x(n-7)

n: time index  h(T): impulse response

continuous time domain (the convolution sum becomes a convolution integral):

y(®) = [, h(D)x(t-7)dz
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Volterra Series: basic

System with 2" order nonlinearity:
Memory-less system: y,(t)=h, - x*(t)

System with memory: (firstly: discrete and assume all the terms sum with equal weights)
y(n) = x(n)-x(n)+x(n)-x(n—=1)+...+ x(n)- x(0)
+x(n—=1)-x(n=D+x(n—=1)-X(n=2)+...+ x(n—1)- x(0)

..+ X(0)-X(0) = D X(N) X())+ D X(N=1)X(j) +...= D> (D) X(j)
=0 i=0 j=0 i=0

Next: Add proper weights to make it a weighed double sum:

y() =>">"h,(p;, p; ) x(n—p,)X(n—p,)
j=0 =0
h,: a function of time index p;, p; (274 order impulse response)

Continuous time domain (the convolution sum becomes a convolution integral) :

V(0 =[ [ h(r,. )X~ 7,)x(t—7,)dz,dr,
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Volterra Series: basic

nt"-order nonlinear system :

Memory-less system: y(t)=h -x(t)+h,-x*(t)+...+h - x"(t)

System with memory:

y(t) = j; h1(71)x(t - Tl)dz-l

_|_

+

_|_

J: h(z,7,)X(t—7)X(t—7,)dr,dz,

[ 0z r 2)XE-7)X( - 2)x(—7,)drd

et _fj(: h (z,7,..t )X(t—7)X(t—7,)..X(t—7,)dr,dz,..dz,

Volterra Series expansion: an infinite sum of multidimensional convolution integrals

hn(Tp"'

, z'n) :nt" order Volterra Kernels (nt" order impulse response of the system)
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Volterra Series vs. Taylor Series

m Nonlinear memory-less system represented using Taylor
series:

yt) =K, - x(O)+ K, - x> () + K, - X)) +...+ K_-X"(1) +...

m Nonlinear system with memory represented using
Volterra series:

y(t)=Hi[z ()] + Hy [z (#)] + Hs [ (t)] + -+ + Hy [z (£)] + - -
in which  H_[x(t)]= jj h.(z,,7,..c )X(t—7)X(t—7,)..X(t—7,)dr,dz,...d7,

H, [] : nt" order Volterra operator.

h,(z,,--, 7,) : n®" order Volterra Kernels

10
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Volterra kernel

h(z,-,7z,) :n%order Volterra Kernels
h(z,--,7,)=0 :forany ,<0,j=12,...n
h (z,,-:-,7,) is not necessarily symmetrical to its variables

Always possible to construct a symmetrical kernel from the asymmetrical kernel

S 1 a
hn( )(Tl,...,z'n) :_'Zhn( )(z-l,...,f[n)
n!s

11



Volterra series in frequency domain

m Why study the nonlinear system in frequency domain?

m Frequency domain Volterra kernels are needed to calculate the
distortion. eg. HD,, HD3, IM,...

m Fourier transform: time domain Volterra = frequency domain Volterra

eg. the n-dimensional Fourier transform for an n" order Volterra kernel
h(z,,7) is:

Hn(a)lﬁu'?a)n) — F{hn(z-p...’z-n)}
:J-“.J‘hn(z-la"'aTn)e_jwlr1 "'e_ja)nrndfl...d 7,

H, is the frequency domain Volterra kernel.
12



Volterra series in frequency domain

m An input with m frequency components:

X = A(cosot +cosw,t +...+cosm, )

m The output of the n'" order nonlinear system can be denoted as:
Y=H,(jo,)e X +H,(jo,, jo,)e X +..+H (jo,, jo,,,..jo, ) X"

where @,,,®,,,...0,, can be chosen from =wi,+w,, ..., fw,
They can be equal or different, and have both the + and — combination

For each term, the frequency components in H are the same as in X"

The operator o means:
1) Multiply each frequency component in X" by: |H,, (jwp1, jwpa, -+ + jwWpn)]
2) Shift phase by: /g (jwp1, jWp2,+ ** jWpn)

13



Volterra series in frequency domain

eg, input with two frequency components: X = A(cos Wt +cosWw,t)
W15 Wpos. . Wy can be chosen from: W, tW,
H,(Jw,,, JW,,)o X * represents the following terms (eliminates all the overlap terms):
H,(jw,, jw)| X2 ZH, (jw,, jw,) =%\H2(jwl, jw)| A? cos2wt + ZH, (j2w,))
= 90)] X2, (= ) = |, i, )| A
[H, (jw,, jwy)| X2 ZH, CGiwg, jw,) =|H, CGiw,, jw, )| A% cos((W, +W, )t + ZH, (§(W, +W,)))
[H, (jw,, = jw,)| X2 ZH, (jw,,— jw,) =[H, (jw,,— jw,)| A cos((W, —w, )t + ZH, (j(w, =W, )))

‘Hz(JWp JWz)‘ leHz(JWp w;) :E‘Hz(JWp sz)‘ A’ cos(2w,t + ZH, (J2w,))

14



Definition of HD,, HD, and IM,

Volterra Series Taylor Series

HD, l‘HZ(jW}’jV"l)‘A la, ,
2 |H (iw)| 2 a
HD, l‘H3(jw1’J:wl’jwl)‘ A’ 13 p
4 ‘Hl(Ja)1)‘ 4 q
3 ‘H3(ja)1, jwla_ja)z)‘ 2 38 .
IM — . A “3A
3 4 H,(jo) 4 a,
Observation:

1. Volterra series incorporates the frequency dependent effects

2. H3(jW19jW19jW1)¢H3(jW19jW19_jW2) - IM3¢3HD3
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Example 1. Common Source Amplifier

L
e bl
il

B MOS transistor: nonlinearity mainly introduced by transconductance;

output impedance also contributes to distortion.
B At high frequency, load impedance dominated by C, > memory effect
cannot be neglected, need to use Volterra series to analyze nonlinearity.

16
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Procedure:

1. Express output voltage Vout using Volterra series:

vo=Hy+ Hiov+Hyoo! + Hiovl+-- (1)

2. Large signal transfer function using long channel device model:

iy =K (v; + V)% (1 + \v,) (2)
Vo = —i0Zr = —K (v; + Voa)* (1 + o) Zp (3)

where 1/ , Z, : impedance of R and C in parallel

od = ger:u Vin
3. Substitute (1) into (3):

Hy+ Hiovi+Hyov:+ Hyov? = Do+ Dyw; + Dyv? 4
+ ADo(H,+ Hyov; + Hyov?+ Hyov?) )

+ Ay fHLa + Hiov; + Hy0 12 + Hyo 13) Uy
+ ADy (H,+ Hyov; + Hyov? + Hyov})v?

where D, = —-KV%Z, D, = 2KV, Z;, D, = —-KZ;

17
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Procedure:

4. To find the Volterra kernel H,, equate same order terms of v; in
both sides of (4) and use the following relationships:
I{L’ﬁ{RL << % (5) Om = 2K Voa (7)
1

L

(6) go = KAV (8)

wCp, >

DO

It can be found that: H, =mz ~KV2R; (1 — g.Rp) 9)
H, (W)= llj';z D, ~ _?fq (1 — g,Ryr) (10)
H,(w.w,) = D, +A(DH,+D,H,) L J.{{.u — g,R;) (11)
1-AD, j w1 +ws) CL
R T+t S

where: Zg{ibb’l,bﬂg,bﬂg}:%(ull 41 1 _|_A_|_A_|_L)

“+iva w' iy wWa—tws Wi w2 w3
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Verification of Volterra Series

m M1=5um/0.6um, K = 130uA/V?, g, =100uA/V , gm = 500uA/V,
Vod = 1.92V. Input at 0dBm(0.316V), f1 = 1GHz, f2 = 1.1GHz

Volterra Cadence
Analysis Simulation

HD, | -33.7dB -38dB

HD, -49dB -58dB

IM3 -34dB -42.9dB




Simulation Results

Single Point Periodic Steady Stote Response Single Point Periodic Steady Stote Response
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Example 2: Differential Pair

m Assume the only memory effect is introduced by the parasitic
capacitance (Cs) at node Vs, all other capacitance are ignored.

m DC bias current: I = K (Vgg — V;)? (1a)

m The small signal voltages applied to the gates of M1 and M2 are V /2
and -V /2 respectively

mThe goal is to obtain the Volterra series expansion for the small
signal drain current id of M1 (or M2) in terms of input differential
voltage vd up to 3rd order 21
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Procedure:

1. Determine the Volterra series expansion of vs:

ve = Grovg+Gho -t.fﬁ + (G50 -Lffg + ..
(1b)
= Vg T+ Ugy + VUgy + +- -

v = G0 -1:§ is the k-th order term of the Volterra series of vs

2. Apply KCL law at the common source node:

dV, K
Cy 2 + L = ‘[(1 a4 = V)24 (Vywy — V)7 (2a)
where Vs, Vgsl and Vgs2 can be written into DC and signal small signal terms:
Ve = Vs + v,

Vost = Vas + vga Vis2 = Vs + vge

o o (2b)
(2 (OF
Ugs1 = ? — Us Vgs2 = _? — Vs

22



Procedure:

3. Combining equations (1) & (2) yields:

dv K .
CS—S zfm't’s — j{'i'_,-’g = __UE
dt T2 s 4 d

where gm = K (Ves — Vi)

Substituting (1b) into (3) and taking phasor form of %S :

(jwc.g + ng) (1"51 T+ Ugy + Usg 1 - - ) — K ('Usl + Usa + Usg + * * -

)

23



Procedure:
4. Keeping only the 18t order terms of (4):

(jC + 2,,) Gy (@) 0 vy = 0 ®
—  Gi(w)=0
—> '1.551 — U (6)
5. Substituting (6) into (4), keeping only the 2" order terms:
: - : . K .
[.:Iil {i‘""ll + ‘-'*-’1.:_") Cs + ng_ G'E— {‘:-“"’Il? '-'”12) O 'U.ff — :Pé (7)
K
— Gy (wy., wy) = = .
2 { 1s 2-,]' 7 {ix".x.»'l -+ ,_,_j]| CS + ng (8)

Notice that w becomes w,+w, because we are interested in the 2"d order terms
Because of the operator ©, (8) consists of four equations for four different cases:

Wi, W2 = TW,, =Wp Where w, and w, are symbols and w,, w, are the
frequency components of input.
24



Procedure:
6. For the 3™ order term:

[J {‘:"""Il W T ”';""IB} Cs + ng: Gy {i.;,,-_,.‘l? W, “—’13} Q '1-?3 — 0 9)

— (¥3 {i*'--'-*'lf wa, »';:.a'g} — ()
Replace jw by j(wl+w2+w3) since we are interested in the 3rd order terms

Notice that G, always consists of one frequency component (w); G2 always
consists of two (w1, w2), and G3 consists of three(wl, w2, w3).

/. Higher order kernels can be calculated by repeating the
above steps.

i _ i A : — ¥ ‘ P 1'2 Pl ‘3
So: Vs = U +Usp+Vs3+-= Grovg+Gyovg+ Ggouy

I'}
Vsa + -+ =Ga (w1, wa)ovg+---

25



Procedure:

m 8. Our final goal is to obtain the Volterra series
expansion for id in terms of vd.:

'id — Hl 0 Vg -+ Hg o 'L’EI -+ H3 ) 'i'_,’g —+
= %41 + a2 + a3 + - -

Using the MOS device equation containing DC and time varying components:

. K V, ’ Vy K (v, T K V2%
Id +Id :? VGS +7—VS _Vt :K(VGS _Vt). T—VS +7 7—Vs +?(VGS_ t)

> : V4 K (v, i
Iy =0, =——V, |[+—| =——V,
2 22

Volterra series expansion of id becomes:

: 1 K , K » K
i, i, +i,+..=0 v ~V,, — +§Vd +3(v52+...) _Evd (Vg +...) (11)

26
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Procedure:

m 9. Keeping the 1storder term of v, coefficients in (11):

, 1
tq1 = Egmﬁd

‘ 1
> Hl {{W'] — 55"??1

10. Isolating the 2" order terms of v, coefficients in (11):
lgo (W1, wa) = glﬁ — gmGa (w1, wo) © 'U§
K C,

2 Hj (wy, wo) ~ ] {u’1+¢v':z)ﬁg

11. Separating the 3 order terms of v, coefficients from (11):

igz (W1, wo, w3) = —%??di‘sg

K* C.
1 —j(w+ws+ws) —
164, J 1 2 3) 30

HB {';;""Ilr wWa, '-"-'13] ~ —

27
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Summary of steps to determine
Volterra Series:

m Stepl. Determine the Volterra series expansion of the
iIntermediate variable vs in terms of input signal v,

'US — C—;l O Ud — Gﬂ O '{.3 1 GB 0 1.3 1., (1)

m Step2. Using KCL and MOS device equation to express
output signal i4 in terms of v, and v,

i (t_d B .L,S)E ' gm (l_d B t) (2)

2 \2 2
m Step3. Substitute vs determined in(1) into (2) and derive:
g = Hl 0 Vg4 —|—HQ 0 -yg _|_J[—_f3 0 'L-‘g 1+ ...

Hn becomes a function of Gn, and Gn has been determined in step1.

28
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Volterra series versus Taylor series
of a MOS differential pair

Volterra Kernel Taylor Coefficient
1st order 39m % G
2nd order 7 (w1 + ws) %% 0
3rd order —% {1 — j (wy + wy + ws) %w —%

Note that for Taylor expansion, second order
distortion is 0, while Volterra series reveals the
high frequency second order distortion for a

differential pair.

29



Verification of Volterra Series

For MOS transistors with W/L=50um/0.6um, Volterra
series and simulated HD3 result comparison.

HD3 (dB)

25 -
-30 A
-35 -
-40 - —e— Volterra
-45 |

-50

—a— Simulation

Frequency (GHz)
V,’|H
HD3 =1 H|

30
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Example 3: Current Mirror

Vop Vop

i Ip1as

< L >
V1:10—‘ L J }70 Via
. I

& I

-Vss

m At high frequency, the parasitic capacitance of the transistors cannot be neglected.
Therefore, Volterra Series is used to model this non-linear system with memory.

m The parasitic capacitance Cp seen at the gate of M1, M2 affects the Vgs,
which is related to the current mirror accuracy.

m The goal is to obtain the Volterra series expansion for the small signal drain
current io of M2 in terms of input current lin up to 3rd order.

31
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Procedure:

Follow the same steps as described in Example 1.

1. Determine the Volterra series of the gate voltage vi first:

2in 31n

where vi, = G, ol is the k-th order term of the Volterra series of vi

2. Appling KCL at the gate node of M1

dv.

p d E(V V) = by + lgins 2)

where V; can be written into DC and small signal term:
V.=V, +v, (3)

K
Also, E(V| _Vt)2 = lgias (4)

32



" A
Procedure:

3. Substituting (3) and (4) into (2) and simplifying it:

dv, K
C,—/+g,.V,+—Vv, =1
p dt gm| 2 i in

where gm = K(VI — V1) is the transconductance of M1

Substituting (5) into (1) and taking the phasor form of %

dt

(JWC, + g Vi, +Vyy + Vi +...) +§(vi1 VL, V) =1

(5)

(6)

33



Procedure:

4. The Volterra kernel Gk can be obtained by equating the same order
term of I, at both sides of (6). Keeping only the first order terms:

(JWC, +9,)G, (W) ol, =1, (7)

1

" =TJwe T, ®)

5. Substituting into (6), and keeping only the second order terms:

[J(w, +W,)C )+, ]G, (W, W,) ol?, + %Gf(W)olzin =0 (9
K 1

K > o
—G,"(w) - 2
J(W1+W2)Cp+gm J(W1+W2)Cp+gm (10)
C 2 iw.C
v B jow, w2 -

- 29°

m m

34



Procedure:

6. Factoring out the third order terms from (6):
+ K G, (W,,W,)G, (W, ) ol5in =0

[J(w, +w, +wW,)C  +9,1G;(wW,,W,,W;)oly,
KG, (W, W,)G, (W)

2 G.W.W,.W,)=—
(W, Wy, Ws) jw +w, +w)C_ +4,

2 2 jwC,

. C, : G
~ 4 [I_J(W1+W2)_](1_ )[I_J(W1+W2+W3)_] (11)
2g m m m m
7. Now, vi has been expanded into Volterra series up to the third order.
Our final goal is to obtain the Volterra series expansion for i, in terms of
|,
I, =Hpol, + Hyoly, + Hyolg + .. =i+, Higg + ... (12)

35



Procedure:

8. The small signal output current io can be related to vi as:
lo = Oi2V (13)

Substituting (1) and (12) into (13):

iol +102+103=g ,Gl (wl)o L +g ,G2(wl,w2) oL, +g ~G3(wl,w2,w3)o0l

3in

- C
> Hl(W):ngGl(Wl)zgmz(l_JWI p)

ml gml
Kg., _ C 2jw,.C
Hz(Wlawz):gszz(Wsz)z_ ggi[l_J(Wf"Wz) p](l_ 1 p)
m m1 ml
H L (W, Wy, Wy ) = 0, G5 (W, W, W)
K*g, _ C 2 jw,C _ C
S 2g? [ W, +W,) 21— SR L W+ W, + ) —2]
ml ml ml ml

36



Verification of Volterra Series

Assume a current gain of 4, use long channel length to minimize channel
length modulation effect. Choose M1 = 2um/lum, M2 = 4*2um/1um, Ig g =
84.4uA, Cp~90fF, gml = 1761 AV, gm2 = 705u AV, [, = Acosw,t +
A,cosw,t , while w; = 910 * 2pi MHz, w, = 900 * 2pi MHz, A, = A, = I5,,5/10
=8.441 v A, we can get:

2
IM3:3AZ
4

H3(jW19_jW29_jW2)
H,(Jw,)

=62dB

IIP3 = P,, + IM,/2 =-91.5dBm + 62/2 = - 60.5dBm
1-dB compression point = IIP3 — 10dB = -70.5dBm

37
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Simulation Results

{ dB )

[aRal

—Z2@3

Bp =

=383

Swept Perledic Steady State Response

Swept Periodic Steady State Response
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Comparison between Volterra analytical
results and Cadence simulation

Volterra analysis

Cadence simulation

1IP3 -60.5dBm -53.7dBm
IM3 62dB 76dB
1-dB point -70.5dBm -74.7dBm

39
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Example 4:Gilbert Mixer

m The high frequency
IF linearity of Gilbert mixer
y IS dominated by the V-I
conversion.
. l [ "”""jWD”"S ME]}J m Transistors M3-M6

o works as large signal
- —— current switches and are
not limiting factor for

- o— m M j}—‘ linearity.

m Assume V4 is not
¢ switching ans so the

mixer is a NLTI system

LO

40
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Volterra kernels:

m The Volterra series analysis of Gilbert mixer follows the Volterra
series analysis of a differential pair

m The Volterra kernels for the V-l conversion transistors are:

1
Hy (w‘) = §Qm
, K C,
Hy (wy, wy) =~ 7 (w1 + ws) Eg
I":E : CS
H; (wy, wy, wy) = Y 1 — 7 (wy +wy + ws) 39

41
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Finding IM3 and HD3

m the linearity expression for Gilbert mixer cell is:

_1|H3(ja)1> Jo, Ja)1)| A
a f

4 |H1(ja)1)|

‘H3(ja)19ja)19 Ja)z)‘ 2
H,(jo)| f

3
|M3 :Z

m M3 is caused by adjacent channel interference

m W, is defined to be at —w;-Aw such that the 3" order
nonlinearity term 2w,+w, will generate a term at w,-Aw

m A, should be replaced by A crierence

42



Low frequency approximation

K> ) CS
Hy (wy, wa, wy) = _165- [1 — J (w1 + w2 + ws) 39 ]
Wy =W, =W, :‘O _ -K
16(\/(38 _Vt)

1 K
Hy (w) = 59m :E(VGS -V,)

1 |H@.e.@), . AC K

T4 H(e)] T 32 1

m For low frequency (no memory), HD, agrees with Taylor series expansion
m Do the same for IM3 and it would agree with Taylor series expansion

43



IM3 and HD3

m For intermediate frequency: j(w;+w,)Cs << 2K(Vg5-V))

2
HD3 = K Ar ]
\/ s 32-(Ves —V,)

3 2
|M 3 _ Alnterference : |: 1
32(VGS —Vt)

- j(2w,)Cs
2K (VGS —Vt)

_ 2 Jw)Cs
32K (Vgs -V,

|

IM, = 3HD,

44
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When V|4 IS switching...

m The mixer is no longer a time-invariant system

m The high-frequency distortion still dominated by V-I
conversion

m To incorporate switching effect, multiply the output by the
Fourier series representation of a square wave

m Frequency of the 1st and 39 order products is shifted by
f. o, Amplitude are reduced by 1/pi.

m HD3 and IM3 remain unchanged

45



Gilbert Mixer IM, Verification

Assume a Gilbert Mixer has V-l conversion transistor
M1=M2=50um/0.6um. Let f.=2GHz, two interference
signal with 0dBm power (0.316V) at 2GHz(w,) and

2.001GHz(w,). Cs ~= 0.1pF. Make V-V, = 0.387V,
K=6250 uA/V2 thus gm = 2.42mA/V

|H3(a)1,a)1,a)2)|

3
Theoretically: IM,=— .
d 4 MGy

A’ =-240dB

46



Simulation result

m  Gilbert cell simulation result: with two tones at 2GHz and 2.001GHz,
the input amplitude of each tone is 0OdBm.

ey B APLUS pes ;o dB24I
—7@.8 1
X
- )
—D -
— =302 1 ]
- T lil
— 10 '
_11@ L ?III;I Iill ;III!I I? T 1 1T 1 Ii
1,90 TG 2 BREEG 2 BA3AG 2 BEBEG
freg ¢ Hz

IM3 is around -25.5 dB from simulation. The deviation error is 1.5dB(5.9%)
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HD,

. _ _AH,|
Incorporating Memory: HD, = 2H)| =-32dB
1
. a
Ignoring memory: HD, = Afzfa 2=0
1

Volterra series analysis predicts that RF feedthrough will still be
Present in a balance mixer with zero mismatch!
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Conclusions

m Taylor series analysis cannot calculate the distortion
correctly at high frequency due to memory effect.

m Volterra series can calculate the high-frequency-low-
distortion terms for any weakly non-linear time-invariant
system with memory effect.

m Volterra series may diverge when nonlinearity is strong

m Volterra series are applied to four basic circuit examples
and theoretical results agrees with simulation
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