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Announcements

e Reading
» Chapter 1 (Razavi)
« Fundamentals of Circuit Analysis (Dr. Silva)

e Homework 1 due Feb 1

e Prelab 1 due in lab the week of 1/29 — 2/2



Agenda

e Laplace Transform

e Passive Circuit s-Domain Models
e Transfer Functions

e Sinusoidal Steady-State Response
e Poles & Zeros

e Bode Plots

e Second-Order Systems
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Motivation Example

¢ 1kQ

Y M\ Vo(t) _
t=0 f Given v, (O) =0
10nF

1

Writea KCL atv,
. 5
vo(t)—smlO t 1OnE dvo(t) 0
1kQ2 dt
dv, (¢) v, (£) sin10°¢

vi(t) = sin10°t

+
dt  (1kQ)10nF) (1kQ)10nF)
Now, if we remember anything from out Diff. Eq. class, we can solve this equation.
Note, this 1s not trivial.

I 5, 1 1 . I s I .
v (t)==e""" —=cosl0’t+—sin10°t =—e """ +—sm(105t—45°)

2 2 2/2 ﬁ\

sinusoidal steady-state
response

transient response
(can go to zero quickly)

* Now, let’s look at Laplace Transforms to make this easier



Laplace Transform

e Laplace transforms are useful for solving
differential equations

e One-Sided Laplace Transform
Lix(t) = X(s)= Ix(t)e_”dt

0
where sis a complex variable
S=0+jw

Note, j =+/—1 and w1s the angular frequency (rad/s)

e shas units of inverse seconds (s!)



Laplace Transform of Signals
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Laplace Transforms of Signals

X(s) x(r) X(s) x(t)
5" (1) B ,
s 8'(z) ‘ s+ B sin Bru(r)
1 o(z) ]
i ) 5, + B cos Bru(r)

B Ziat o

lz ru(s) ‘ G +ay+ @ e~ sin Bru(t)
s] 7! st a e cos Bu(r)
— u(?) (s + ) + B
s" (n - 1)! 1 e o — e~b1

1 e~ %u(t) (s + a)s + b) b—a u(e)
§ +1a s+ ¢ (c — a)e ™ — (c — be ™™ ()
G+ oy te”"ult) (s + a)s + b) b-a

[McGillem]
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Laplace Transform of Operations

=
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Laplace Transforms of Operations

x(1)

X(s)

ayx () + axxy(t)
x'(6)

_L x(&) d§
tx(?)

0

x(t — tdult — tg)
e “x(r)

x(at),a>0

X, *Xx, = L'x](t\)xz(f - A) dA

x(0*)

x()
x"(n)

X, (1) x(1)

alxl(.ﬂ + aZXZ(J)
sX(s) — x(07)

1 X(s)
5

_&©
ds

[ %o e

e~ "X(s)
X(s + a)

()

X,()X5(s)
lim sX(s5)
lim sX(s)
—}

[X(s) left-half-plane poles only]
s2X(s) — sx(07) — x(07)
1 [

2—1I;f o X (s — A)X,(A) dA

[McGillem]



Resistor s-Domain Equivalent Circuit

W(t)= Rilt)

Time-domain Representation: it)= %V(f )

Complex Frequency
Representation:




Capacitor s-Domain Equivalent Circuit

)= )
Time-domain Representation: ;

+ v(t) -
T
Complex Frequency ](S) - isvr(fl)(s ) - CV(O) V(s)= SLI (s )+§V(O)
Representation: S . e
1 o) I1I ) +
i < O
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Inductor s-Domain Equivalent Circuit

di(t)
t)=L"—"
o)==
Time-domain Representation: t

i(1)= % [¥(2)d2+i(0)

0

+ v(t) -
> ml
i(t) L

1 1
Complex Frequency V(S) = LS](S) — Li(O) I(s) = S_LV(S)JFEI(O)
Representation: 1o
+ V() - s 1(0)

is) sk Yo sL
m

I(s) + V(s) -
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s-Domain Impedance w/o I.C.

I(s) I(s) § I(s)
+ +
R g V(s) slc —V(s) sL 3 V(s)
P (s)= 1(5)R V()=1() P (s)= 1(s)sL



Transfer Function

vi(t) Vo(t)

20, () _ 7, (s)
= 00) )
e The transfer function H(s) of a network is the
ratio of the Laplace transform of the output and
input signals when the initial conditions are zero

e This is also the Laplace transform of the
network’s impulse response
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RC Transfer Function
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Laplace Transform Circuit Example

Given v ( ) 0

vi(t) = sin10°t

Volt)=

1
2

105 1
o 10%1

f Vo(t)
10nF ‘ Vi(s) =
l Convert to
- Laplace Domain
H(S): VO (S) _ 1 _ 1

Vﬁ@)_1+sRC__L+AS:
10°

=) J[ lzo)z}

with partial fraction expansion

N
Vo\s)= - +

s+10° 2 (105F 52 +(10°f
with inverse Laplace Transform

——c05105t+lsin105t = l

s +(10)

10°
s+10°

10°
s+10

10° 1 .
e 4 —sin

V2

1000

vW Vo(s)
J_—: 0

1:5

10°7 —45°
( )
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Laplace Transform Circuit Example

We can decompose the output into it's transient and steady - state response

Vo(t)zée—wsf L sin(105-45 )= v, (1) + v (1)

V2

=

v (t)= Lsin(lOSt —45° )

V2
Decomposed Output Slgnal Input & Output Slgnal

Voltage (V)

Transient Component

Steady-State Component 08y ------------------- ------------------ Input
AL S Total Output I AN N N Output ||
0 50 100 150 200 6000 6050 6100 6150 6200
Time (us) Time (us)

e Note that the transient response decays very quickly!
16



Sinusoidal Steady-State Response

vi(t) H(s) Vo(t)

If input v, (t) is sinusoidal

V; (t) =A cos(a)t + ¢)

l

The steady - state output will be

Vg (t) = ‘H(ja))(A cos(a)t +¢+ LH(ja)))

e Here we have evaluated the transfer function H(s) with s=jw
e The magnitude of H(jw) scales the input amplitude
e The phase of H(jw) shifts the input phase



RC Circuit Sinusoidal Steady-State Response

R
WA V,(s) 1 e 1
Vin(s) ? —C His)= V;(S): 1+sRC H{jo)= 1+ joRC

Output Magnitude
H(jo) =H(jo)H (jo) = \/(1 + jlecj(l _ jlec] o) - \/ 1+ (a)lRC)2

Output Phase
AH(,@):Ml(lmwow»j:m{m(zvum)j_tanI[Im@m)j

Re(H(jw)) Re(Num) Re(Den)

where Num = Numerator and Den = Denominator of ( Jj a))

LH(ja)) = tanl(%j - tanl(%fj = —tan" (a)RC)

LH(ja)) = —tan_l(a)RC)

18



RC Circuit Sinusoidal Steady-State
Response Example

H(S)=
1+i5
10
W +—o Vo(t) with s = jo = j10°
vi(t) = sin10% 10nF H(jloS):L
1+

. 11
(0] =
4H(j105 ): ~tan " (1) = 45"
Ve (t): Lsin(lOSt—450)

V2
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Complex Numbers Properties

Function Evaluation
f(x)=|f(x)e™
f(x)=R+ jIm f(x) = VR + I’
¢, = tan™ (Im/ R)
f(x)-g() 7 (x)- gl
f(x) M o)
g(x) g(x)
R
Numerical Example OGS AC TR RIAD RS B o
8 2:(0)-2,0) | () (o) Le, (o)
(1+ /10)10+ /10)
(100 + j10)1000 + ;10)
(1+ j10)10+ j10) V12 +102 102 +102 a0

-
(100+ j10)1000+ 10)| /1002 10 41000 + 10

y (1+]10)(10+]10) — tan ! E +tan ™! & —tan ! ﬂ —tan ! —10 =12
(100+ j10)1000 + /10) 1 10 100 1000

[Silva]
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Inverse Tangent (X) (Radians)

Inverse Tangent Function

2

ﬂ*a@_””;”3?;};?”;”é33¢@5_”4_ ?{;;; ______ 3_;@;?;
i

- ______ _____ g..'(pi/;;j/aec.'

. ...... ...... ...... _

10 107" 10° 10" 10
X

e For small values approximately O
e For large values saturates at =/2 or 90°

e Between 0.1 and 10 can be approximated as
changing with a slope of 45° per decade
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Poles & Zeros

H(s)=4

(s—2)s—2)(s—2 )

(s—p Ns—p,)-As—p,)

» Poles are the roots of the denominator (py, p,, ... p,,) Where H(s)—o

- Zeros are the roots of the numerator (z,, z,, ...

10°

Examplel: H(s)= 0
S +

s+10°=0
p=s=-10"rad /s
s

s+10°
z,=s=0rad/s

Example2: H(s)=

s+10° =0

p,=s=-10rad /s

Z.,) Where H(s)—0

100(s +15)
s* +50s +1500

s+15=0

Example3: H(s)=

z,=s=—15rad /s

s? +505+1500=0

_ —50++/2500- 6000
2

=-25+ j29.6rad /s

p1,2 S1,2
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Bode Plots

e Technique to plot the Magnitude (squared) and
Phase response of a transfer function

» Magnitude is plotted in Decibels (dB), which is a power
ratio unit

H(jof S 1010g,0 ()’ )(dB) = 2010g,0 (#(jw))(dB)

» Phase is typically plotted in degrees

AH(jo))= tan ( {70

23



RC Bode Plot Example

1kQ
Vo(s)
Vin(s) ——10nF
s=jw
H(s)= Vols) 1 1 2 1 :
Viels) 14+sRC  1+s10" 1+ jwl0
| 1 1 5
H\jo)= = —, where p; =—10" rad/s
o) 1+ jol0™  |_J® !

P1
Magnitude Squared (dB):

20 loglo‘H(‘]wX =20 logl()

\/1+ (a)110—5)2 ‘ - 2010%10(1)—2010&0(\/1 N (6010_5)2 j

Phase: Phase(H(ja)))z —tan_l(a)lo_s)




RC Bode Plot Example

H(jow)=

1

1+ jwl0™>

1kQ

Vin(s)

~20logy, (1)
= 0dB

N-ZOIOQIO ((,010_5)
= -20dB/dec

WA

+—o V,(S)
—10nF

Magnitude:

2010g10‘H ]a)

2010g10‘

@

e foro

Phase: Phase(H(ja))) — —tan"! (a)lO_5 )

=20log;,(1)-20 logm(\/ 1+ (a)IOS)Z]

o (rad/s) | IHGo)| | IHGo) |2 | 20l0g,,1HGia) | (dB) | Phase (H(o)) ()

O <

D -45°/dec

103 0.9999 | 0.9999 ~0 ~0

104 0.995 0.990 -0.043 -5.71
5x104 0.894 0.800 -0.969 -26.6

—10° | 0707 0.500 -3.01 450

5x105 0.196 0.039 4.2 -78.7

106 0.100 0.010 -20.0 -84.3

107 102 10 -40.0 -89.4

108 103 106 -60.0 -89.9
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RC Bode Plot Example

Bode Diagram

20

-30t

Magnitude (dB)

< -20dB/dec

.:_Max_ Error = 3.01dB

45 : '450/deC

Phase (deg)

-90 ¢ frehodi ) peefegid
107 10° 10°
Frequency (rad/sec)

~ Max Error =
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Transient Response

o = 103 rad/s = -p1/100

Voltage (V)

Input & Output Signal

Output N

600 605 610 615 62(

Time (ms)

‘vo (t)( ~ |

Phase Shift = 0

S

Q

o

o
=
>

-0.2
O o4]
-0.6}
-0.8}

o = 10° rad/s = -p1
Input & Output Signal

L LLCIIEIIIESE SR s 3
08 .............. .......
0.6 J :
0.4
02|

0 .

6150 6200

(e}

Phase Shift = -45

o = 10% rad/s = 10*p1l

Input & Output Signal

605 615
Time (us)

v, (t) ~0.1

Phase Shift = —84.3

620
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Bode Plot Algorithm - Magnitude

1. Where is a good starting point?
a. Calculate DC value of [H(jo)|

b. If not a reasonable value, I like to calculate |[H(jw)| at o equal
to the lowest non-zero value of p1/10 or z1/10

2. Where to end?
a. Calculate |H(jo)| as o—o0

3. Where are the poles and zeros?

a. Beginning at each pole frequency, the magnitude will decrease
with a slope of -20dB/dec

b. Beginning at each zero frequency, the magnitude will increase
with a slope of +20dB/dec

4. Note, the above algorithm is only valid for real poles
and zeros. We will discuss complex poles later.
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Bode Plot Algorithm - Magnitude

10*(s+1) 10(1+ )

Hls)=-— —

(5) (s +10)(s +100) (1 . s)(
10

DC Magnitude =10 = 20dB

HF Magnitude = 0 = —oodB

z, =-1, p, =-10, p, =-100

I+-5
100

J

20log,,(10) }G0log,, (V1 + o’ 2010g10(x/1+(a)%

Magnitude (dB)

1041+ &’

20log,|H (jw) = 20log,,

J1+ (0107 ¥ 1+ (0102

50

N
o
I

Ll
o

T T TP IACME R

-10

i 420dB/dec.

10

- g DDHEE DIHE N
B BEE Rie B R

10 10 10 1’1:19 10
o (rad/s)

3
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Bode Plot Algorithm - Phase

1. Calculate low frequency value of Phase(H(jw))
a. An negative sign introduces -180° phase shift
b. A DC pole introduces -90° phase shift
c. A DC zero introduces +90° phase shift

2. Where are the poles and zeros?

a. For negative poles: 1 dec. before the pole freq., the phase will
decrease with a slope of -45°/dec. until 1 dec. after the pole
freq., for a total phase shift of -90°

b. For negative zeros: 1 dec. before the zero freq., the phase will
increase with a slope of +45°/dec. until 1 dec. after the zero
freq., for a total phase shift of +90°

c. Note, if you have positive poles or zeros, the phase change
polarity is inverted
3. Note, the above algorithm is only valid for real poles

and zeros. We will discuss complex poles later. 30



Bode Plot Algorithm - Phase

10*(s+1) 10(1+ )

H = — —
(5) (s +10)(s + 100) (1 +s)(1 +sj
10" " 100

LF Phase =—180°

z,=—1, p, =-10, p, =—100

Phase (*)

qagl o T

-180

' -45°/dec.
N\ -45°/dec.

---------------

190(] 10

o (rad/s)
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Second-Order Systems:

Real or Comglex Poles?

Q|-

2
ko

H(s)=

0)
5T+ 4w

2
@ @
2poles py,p, =——2+ || =2 | —@?
PO P 20 \/£2Qj ’

2realpolesif O <0.5

2 complex conjugate polesif O > 0.5

*1:.  — L

ol

)y )y v
A
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Magnitude (dB)

-
o
o

Second-Order Systems — Real Poles (1)

T 52410015 +1000 (s +1)(s +1000)

10* B 10° 2poles: p, =—1, p, =—1000

Note, 0 =0.032

40dB/dec

Phase (‘D)

i
i
l
:
I |
'5'3'1'." SR NG B Db N
) 555555555 555555555 GGHER DD CUEN 180 R IR I O E: I R Ry

10 10 10 10 10 1 10 10 10 10 10

0 (rad/s) o (rad/s)

o

o If poles are spaced by more than 2 decades, there

are 2 distinct regions of -45°/dec phase slope
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Magnitude (dB)

1
[
o

IS
o

1

Lag]

o
T

Second-Order Systems — Real Poles (2)

H(s) = 100 100
s*+11s+10  (s+1)(s+10)

b
o

o

o (rad/s)

Phase (°)

-45

0] DR A IERELE BRI SRS UM WRRTEC IR E TNt
-135

T 00 ) R R TR RIS U SRRSO NSt BRI TER R e S

2poles: p,=-1, p,=-10

Note, O =0.287

o (rad/s)

e If poles are spaced by less than 2 decades, there is a region

of -90°/dec phase slope

« Watch out for system stability!
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Second-Order Systems — Complex Poles

2
H(s)=—%

@
sP+s 2ty

What is the low frequency magnitude?

[H(j0) =k,
What is the high frequency magnitude?
_ ko, : :
‘H ( ]a)){ ‘w:m = . = -40dB/dec.slope at high frequencies

What happens in the middle, particularly near @,?

I ol
‘H(ja)o)( = 1%2 =k,0

2 . @, 2
-y + j—+

Note, if O > 1then the magnitude exceeds the low frequency value, 1.e. frequency peaking occurs!
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Frequency Peaking w/ Complex Poles

For k;=1 and oy=1

Where is the peak frequency?

+20 (——— |
+15 g=10
d‘H(]a))‘z d klza)g 0 +10 ’
dw - dw ) ) @, 2| +35 1:1?
(0)0 - +| —o @ 4 ll.ES
< 0 pa 1 ]
2ol — EEEERS A\ IMETT
i
O = wo‘/l—ﬁ ~ a, for large O o o P
=15
At , the peak valueis o0l oo 2o 50 oo
(a)
Ty = lel ~ k,Q for large Q 0 T
= —40|-0= 1.6 : 5
4Q o I'H;.]S;i ] :‘% 2.5
5 LG
e Note, phase always == 3
o ~160 \...“‘:-_--..:L - o
crosses -90° at o, | J
- : 05 1.0 2.0 50 100
[Schaumann] © 36



Second-Order Systems’ Bode Plots Summary

e 2 real poles = Plot with standard Bode plot

techniques

e 2 complex poles = Approximate as 2 real poles

at mg

* Past o, the magnitude decreases at -40dB/dec
* From 0.1m, to 10w, the phase slope is -90°/dec

e A more exact plot of second order systems can
be obtained by calculating Q and using the
ne previous slide

reference plots on t

H(joy) =

2
kg

2
o +J + @y

=hkQ
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Next Time

e OpAmp Circuits
e Reading
* Razavi 8.1,2,4,5
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