ECEN 605
LINEAR SYSTEMS

Lecture 11

Structure of LTI Systems Il
— Realization Theory



Single Input or Single Output Systems
Scalar Systems

Let
N bps" + bn_lsn_l + -+ bis+ by
C s"+ap s 4+ as+ag

g(s)

(1)

where a;, b; are real and n is the order of the system. One possible
realization for this system is shown in Figure 1:



Single Input or Single Output Systems (cont.)
Scalar Systems
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Figure 1: A Typical Realization



Single Input or Single Output Systems (cont.)
Scalar Systems

Another possibility is to “divide out” the eq. (1) and rewrite as
follows:

Cno15" T4 chos" 24+ -+ s+
s"+a,_ 15" 1+ +a1s+ ag

g(s) = td ()

This leads to the following realization (see Figure 2):



Single Input or Single Output Systems (cont.)
Scalar Systems

Figure 2: A Typical Realization



Single Input or Single Output Systems (cont.)
Scalar Systems

Assigning state variables as in Figure 2, we have the set of
equations:

)l(l(t) = X2(t)
)l(z(t) = X3(t)
(3)
)'(nfl(t) = Xn(t)
xp(t) = —aoxi(t) — arxe(t) — -+ — ap—1xn(t) + u(t)

y(t) = coxi(t) + axe(t)+ -+ ch—1xn(t) + du(t).



Single Input or Single Output Systems (cont.)
Scalar Systems

Therefore, in this realization, we write

x(t) = Ax(t)+ Bu(t)
y(t) = C(t)x+ Du(t)

where
0 1 0 0 0
0 0 1 0 0
A = : : =A, B=|  |=b
0 0 0 1 0
—ag —a —a —ap_1 1
c = [ <3} 1 c Ch—1 }::cc, D =d. (4)



Single Input or Single Output Systems (cont.)
Scalar Systems

A compact notation for this is the so-called packed matrix notation:

Ac bc

g(s) = (5)
Ce d

The special form of (Ac, b) is called the controllable companion
form (or controllable cannonical form). Clearly, such form is
guaranteed to be controllable.



Single Input or Single Output Systems (cont.)
Scalar Systems

Laplace transformation of (3) assuming x;(0) = 0 is,

u(s) = sXp(s) +an—1Xn(s) + ap—2Xp—1 + - - - + a1.X2(s) + a0 X1(s)

= $"Xy(5) + an—15" 1 X1(8) + an—ps" 2 X1(s) + - - - + arsXi(s) + apXu(s)
n—2

(s" + ar,,_ls"_1 + ap,_2s + -+ a;s+ ag)Xi(s)

and
y(s) = cXi(s)+ aXa(s)+ -+ cp—1Xn(s) + du(s)
= (co+cas+ -+ cr18" ) X1(s) + du(s).
Therefore,
o+cs+--- 4 cpys" !
= d
v(s) (s” Fan 15" Lt a, 0" 2 4+ astap ) u(s)

= g(s)u(s)-



Single Input or Single Output Systems (cont.)
Scalar Systems

Equivalently,

g(s) = ce(sl — Ac) " the + d.
Notice that
gT(s)=g(s) = [ce(sl—Ac) be+d]’

= (sl — A)tbe] T +d7

= bl [(sl — A)7!] T ¢/ +d (disa constant)
— [(sl —AC)T}_1 J+d

= bl(sl — A7 tc] +d.



Single Input or Single Output Systems (cont.)
Scalar Systems

Therefore, by defining
Goi=bl, A,:=Al, b,:=c!, d,=d,
we have another realization, namely

Ao bo
g(s) = [ ] : (6)

Co do



Single Input or Single Output Systems (cont.)
Scalar Systems

Here,
0 0 0 —ao %
1 0 0 —al a
A,=| 0 1 0 bo=| < |(7)
0 0 1 — ap_1 Cn—1
=[0 0 - 0 1] do = d.

The pair (¢co, Ao) is said to be in the observable companion (or
cannonical) form. The realizations in eq. (4) and eq. (7) are duals
of each other. There is a circuit corresponding to the observable
realization given in eq. (7).



Single Input or Single Output Systems (cont.)
Scalar Systems

Other Realizations
It is possible to get many other realizations by appropriate
decompositions of the transfer function. For instance, writing

g(s) = g1(s)ga(s) - - gk(s)

leads to the realization

— &1(s) 82(s) - gk(s) [—

Figure 3: A Cascaded Realization

where each subsystem g;(s) should be proper or strictly proper and
therefore realizable.



Single Input or Single Output Systems (cont.)
Scalar Systems
Likewise, writing

g(s) = hi(s) + ha(s) + -+ hy(s)

where h;(s) is proper or strictly proper leads to the realization.

— : H—

Figure 4: A Parallel Realization

In each case, state equations can be obtained by assigning a state
variable as the output of each integrator.



Single Input or Single Output Systems
Multi-input Systems (MISO)

Consider a system with r inputs and 1 output:

ﬁl(S) ﬁg(S) ﬁr(S) :|
O=| & &6 i) | Tl
strictly proper part of G(s)
Let
d(s) = LCM [di(s), da(s), -+, di(s)]
and rewrite the strictly proper part as
- 1
G(s) = a0s) [ m(s)  m(s) -+ ns)]
where
d(s) = s"+ap15" 1+ +as+ a

i

-1 i -2 ' ' .
ni(s) = c¢,_18" 4 chos" T+ -+ s+ q, i=1,2,---



Single Input or Single Output Systems (cont.)
Multi-input Systems (MISO)

Then a possible realization is the observable companion form of
order n:

0 0 0 —ap [ cg =

1 0 0 —ay = = =
A= 0 1 B = .

0 0 1 —ap_1 5:71 c,2,71 g



Single Input or Single Qutput Systems
Multi-output Systems (SIMO)

If we have a single input multioutput system, we have

Gi(s) di

Gls) = Gg.(s) N d>
Gon(s) A

strictly proper D

We write as before
ni(s)
G; = -
= g
,’;_15”_1 + c,’;_2s”_2 + -+ c{s + (:6
ST+ ap_15" 1+ -+ a1s + ap

C

1,2,



Single Input or Single Output Systems (cont.)
Multi-output Systems (SIMO)

Then a possible realization is the controllable companion form:

0 1 0 ce 0 ) [ o
0 0 1 cee 0 0
A= B—
0 0 0 1 0
— ap — a — ap —ap—1 1
1 1 1 1
= o < Ch1 d
% 4 4 -1 %
C= . . D=
=4 cf cy oy dm



Multi-input Multi-output Systems (MIMO)

In the general case, write extract D at the constant

G(s)= G(s) + th

strictly proper

and proceed with the strictly proper part. We can either place all
entries in each column over a common denominator or place each
row over a common denominator.



Multi-input Multi-output Systems (MIMO)
(cont.)

Doing columns, first we would have

rna(s) ma(s)  mu(s)
di(s) da(s) dr(s)
1 (s) mo(s)  nar(s)
~ di(s) da(s) dr(s)

G(s) =
nm1(s) nm2(s) . Nmr(s)
L di(s) da(s) dr(s)

where
di(s) = s"+ af,l_,ls”"’l + -+ ajs + ah
nki(s) = C,’f,.’,ls""*1 +o s+

k=12---m;, i=12,---,r.



Multi-input Multi-output Systems (MIMO)

(cont.)

A possible realization is

Ay
As
A =
C11 C12
1 €22

Cm1 Cm2

Cir
Cor

Cmr

by

by



Multi-input Multi-output Systems (MIMO)

(cont.)
where
0 1 0
0 0 1
A = :
0 0 0
-3 -3 —a
ki ki ki
Cki = [ 0 1 Cnj—1

This form is controllable.

o o

-

s>

kell,2,---,



Multi-input Multi-output Systems (MIMO)
(cont.)

The dual procedure with common denominators over rows is as
follows:

n11(s) n12(s) . n(s)
di(s) di(s) di(s)
n1(s) n(s) o o (s)

_ dy(s) da(s) da(s)

G(s) =
nm1(s) nm2(s) L Nmr(s)
dm(s) dm(s) dm(s) ]

where
di(s) = s"+al 15"+ +als + ag

mils) = st cls .

nj



Multi-input Multi-output Systems (MIMO)
(cont.)

Then the observable realization is

A1 1 b1 b2 T by,
Az by bao T bo,
A= : B= : :

Am ] bml bm2 bmr

C1 )

(©)
C= , D=D
Cm |




Multi-input Multi-output Systems (MIMO)
(cont.)

where
[0 0 0 —aé i [ ]
1 0 0 —aj cf
A= 0 1 : , bj =
[ 0 0 1 —a)
¢g=[0 0 - 0 1].

Likewise, this form is observable.



