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Abstract

Error estimation must be used to find the accuracy of a designed classifier, an issue that is critical in
biomarker discovery for disease diagnosis and prognosis in genomics and proteomics. This paper presents,
for what is believed to be the first time, the analytical formulation for the joint sampling distribution of
the actual and estimated errors of a classification rule. The analysis presented here concerns the Linear
Discriminant Analysis (LDA) classification rule and the resubstitution and leave-one-out error estimators,
under a general parametric Gaussian assumption. Exact results are provided in the univariate case, and a
simple method is suggested to obtain an accurate approximation in the multivariate case. It is also shown
how these results can be applied in the computation of condition bounds and the regression of the actual
error, given the observed error estimate. In contrast to asymptotic results, the analysis presented here is
applicable to finite training data. In particular, it applies in the small-sample settings commonly found
in genomics and proteomics applications. Numerical examples, which include parameters estimated from
actual microarray data, illustrate the analysis throughout.

Keywords: Classification, Error Estimation, Linear Discriminant Analysis, Sampling Distribution, Resub-
stitution, Leave-One-Out, Cross-Validation.

1 Introduction

The main problem today in translational genomics and proteomics is the discovery of biomarker panels for
disease diagnosis and prognosis, and this is a problem that depends critically on the design of accurate
classifiers. The actual error rate of a classifier, however, can be computed exactly only if the underlying
feature-label distribution of the problem is known, which is almost never the case in practice. One must
then apply error estimation methods to assess the performance of the classifier based on the available data.
In addition, with the emergence of high-throughput measurement technologies, medical applications are now
often characterized by an extremely large number of measurements made on a small number of samples,
which creates significant challenges in the statistical analysis and interpretation of such data, in particular,
difficult challenges in the application of error estimation methods.

For example, it is reported in [1] that re-analysis of data from the seven largest published microarray-
based studies that have attempted to predict prognosis of cancer patients reveals that five of those seven
did not really classify patients better than chance. In another paper [2], the authors reviewed 90 studies,
76% of which were published in journals having impact factor larger than 6, and report that 50% of them
are flawed. This state of affairs can be attributed in part to the misuse of error estimation techniques in
small-sample situations [3–6].

The resubstitution error estimator [7] and the leave-one-out cross-validation error estimator (variously
credited to [8–11]) are the focus of the present paper and have been used extensively in the literature dealing
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National Science Foundation, through NSF awards CCF-0845407 (Braga-Neto) and CCF-0634794 (Dougherty).
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with small-sample biological high-throughput data – for instance, see [12–17], to cite just a few articles. It is
noteworthy that some of these cited works have been subsequently criticized for lack of reproducible results
due to the improper use of resubstitution and leave-one-out error estimation [2, 18].

Thus, there is a pressing need to study the performance of error estimators in the small-sample settings
common in the biomarker discovery applications. Here we point out that all performance metrics of interest
for an error estimator, such as bias, variance, RMS, correlation with the actual error, and confidence intervals,
can be determined if one has knowledge of the joint sampling distribution between the actual and estimated
errors. This observation highlights the importance of deriving exact or approximate expressions for such
distributions in the study of error estimation.

Most of the existing analytic results that characterize performance of error estimators are of a large-
sample or asymptotic nature. For example, concerning the discrete histogram classifier, it can be shown that
the sampling variance of the resubstitution error estimator is O(1/n), where n is the sample size, whereas
the variance of the leave-one-out error estimator is O(1/

√
n); thus the latter may tend to zero much more

slowly, and in fact does for some distributions [19]. This makes resubstitution preferable in an asymptotic
sense. However, as a general rule, asymptotic results are unhelpful in small-sample applications, where the
bounds on performance typically become too slack to be meaningful. As an example, consider the comment
by D. Hand on asymptotic results by Kittler and Devijver on the variance of so-called average conditional
error rate estimators [20]: “Unfortunately, as Kittler and Devijver point out, small-sample performance of
these average conditional error rate estimators often does not live up to asymptotic promise” [21].

This may be contrasted to the classical approach to study small-sample performance, proposed at the
dawn of modern mathematical statistics, when, in a series of seminal papers, R.A. Fisher derived the sam-
pling distribution of the correlation coefficient, under a parametric Gaussian assumption [22–24]. Fisher’s
groundbreaking results meant that all the performance metrics of the correlation coefficient, estimated from
a finite population sample, could be determined exactly from the parameters of the population distribution.

This approach was vigorously followed in the early literature on pattern recognition (known as “discrim-
inant analysis” in the statistical community). For classification of continuous variables, there is a wealth of
results on the properties of the classification error of the classification rule known as Linear Discriminant
Analysis (LDA), which is a simple classification rule, and often more effective in small-sample settings than
more complex classification rules [25, 26] — LDA has a long history, having been originally based on an idea
by R. Fisher (the “Fisher discriminant”) [27], developed by A. Wald [28], and given the form known today
by T.W. Anderson [29]. For example, the exact distribution and expectation of the actual classification
error were determined by S. John in the univariate case, and in the multivariate case by assuming that the
covariance matrix Σ is known in the formulation of the discriminant [30]. The case when Σ is not known, and
the sample covariance matrix S is used in discrimination, is very difficult, and John gives only an asymptotic
approximation to the distribution of the actual error. In a publication that appeared in the same year,
R. Sitgreaves gives the exact distribution for this case, in terms of an infinite series, when the numbers of
samples in each class are equal [31]. Several classical papers have studied the distribution and moments of
the actual classification error of LDA under a parametric Gaussian assumption, using exact, approximate,
and asymptotic methods [32–39].

Results for estimated classification error are comparatively scarcer in the literature. We briefly summarize
these, noting that all pertain to LDA under a parametric Gaussian model. Hills provides an exact formula
for the expected resubstitution error estimate in the univariate case, which involves the bivariate Gaussian
cumulative distribution [39], and Moran extends this result to the multivariate case when Σ is known in the
formulation of the discriminant [40]. Moran’s result can also be seen as a generalization of a similar result
given by John in [30] for the expectation of the actual error. McLachlan provides an asymptotic expression
for the expected resubstitution error in the multivariate case, for unknown covariance matrix [41], with a
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similar result having been provided by Raudys in [42]. In [43], Foley derives an asymptotic expression for
the variance of the resubstitution error.

The analytical study of error estimation has waned considerably since the 1970’s, and researchers have
turned mostly to Monte-Carlo simulation studies. A hint why is provided in a 1978 paper by Jain and Waller,
in which they write, “The exact expression for the average probability of error using the W statistic with
the restriction that N1 = N2 = N as given by Sitgreaves [31] is very complicated and difficult to evaluate
even on a computer” [44].

The present paper furthers the analytical study of error estimation by deriving, for what is believed to
be the first time, the analytical formulation for the joint sampling distribution of the actual and estimated
errors for a classification rule. We consider here the LDA classification rule and the resubstitution and
leave-one-out error estimators, under a general parametric Gaussian assumption. This work extends the
results in a previous publication by the same authors [45], where the marginal sampling distributions of the
resubstitution and leave-one-out error estimators for LDA under a Gaussian model were determined.

This paper is organized as follows. Section 2 provides definitions and introduces the mathematical
notation. Section 3 presents the core results of the paper, which are valid for the univariate case, and provide
an exact method to determine both the joint distribution and joint density between actual and estimated
errors given the model parameters. Section 4 presents a simple method to obtain an approximation of the
joint distribution in the multivariate case; numerical examples show the approximation is accurate under
certain conditions. Section 5 shows how the results in the previous two sections can be applied in the
computation of condition bounds and the regression of the actual error, given the observed error estimate.
Finally, Section 6 presents our concluding remarks. Proofs are given in an Appendix section.

2 Mathematical Preliminaries

Consider a set of n = n0 +n1 i.i.d. samples, where n0 samples {X1, X2, . . . Xn0} come from a population Π0,
and and n1 samples {Xn0+1, Xn0+2, . . . Xn0+n1} come from a population Π1. Linear Discriminant Analysis
(LDA) employs Anderson’s W discriminant, which is defined as follows:

W (X) =
(

x− µ̂0 + µ̂1

2

)T

Σ−1 (µ̂0 − µ̂1) (1)

where X comes from the mixture of the populations p Π0 + (1− p)Π1, 0 < p < 1 (in this paper, we assume,
for simplicity, that p = 1

2 ), and

µ̂0 =
1
n0

n0∑

i=1

Xi

µ̂1 =
1
n1

n0+n1∑

i=n0+1

Xi

(2)

are the sample means for each population Πi, i.e., each class i, for i = 0, 1. A method to assign a future
sample X = x to one of the classes is provided by the designed LDA classifier:

ψ(x) =

{
1 , if W (x) < 0
0 , if W (x) ≥ 0

, (3)

that is, the sign of W (x) determines the classification of x. Here we are assuming that the covariance matrix
Σ is known; in particular, the W statistic is not a function of the sample covariance matrix Σ̂.
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On the other hand, the Nearest Mean Classifier (NMC) avoids having to know or estimate the covariance
matrix:

ψ(x) =

{
1 if (x− µ̂)T (µ̂0 − µ̂1) < 0
0, otherwise

(4)

where
µ̂ =

µ̂0 + µ̂1

2
. (5)

The decision region corresponding to this classifier is a hyperplane passing through µ̂ and perpendicular to
the axis joining µ̂1 and µ̂0, and x is classified to class 1 if x lies on the same side of the hyperplane as µ̂1,
and to 0 otherwise. This is equivalent to saying that x is assigned to the class of the closest sample mean.
It is easy to see that in the univariate case, the LDA classifier reduces necessarily to the NMC classifier.

The resubstitution error estimator [7], also called the apparent error of classifier ψ, is given by

ε̂r =
1
n

[
n0∑

i=1

I{W (Xi)<0} +
n0+n1∑

i=n0+1

I{W (Xi)≥0}

]
(6)

where I is an indicator variable, defined by I{u} = 1 if condition u holds, with I{u} = 0 otherwise. On the
other hand, the leave-one-out error estimator [8] for the LDA classification rule is given by

ε̂l =
1
n

[
n0∑

i=1

I{W (i)(Xi)<0} +
n0+n1∑

i=n0+1

I{W (i)(Xi)≥0}

]
(7)

where W (i) is the discriminant obtained when sample Xi is left out of training.
We will give in this paper exact and approximate expressions that allow the computation of the joint

probability:

P

(
ε̂ =

k

n0 + n1
, ε < z

)
, k = 0, 1, . . . , n0 + n1 , 0 ≤ z ≤ 1 , (8)

where ε is the actual classification error rate, and ε̂ is either the resubstitution estimator ε̂r or the leave-one-
out estimator ε̂l, in the case where the classes are Gaussian distributed. By simple summation along the
discrete variable, this allows one to easily compute the associated joint (cumulative) distribution functions,
if so desired. More importantly, from the expressions for the joint probability in (8), one can compute the
exact bias, deviation variance, and RMS of estimation (in terms of the mean, variance and second moment
of ε̂ − ε), as well as exact conditional probability P (ε <z | ε̂), which leads to the computation of exact
conditional bounds on the actual error, as well as the exact regression E[ε | ε̂] of the actual on the estimated
error, as will be detailed in Section 5.

Likewise, we will give expressions, in the univariate case, that allow computation of the joint probability
density

p

(
ε̂ =

k

n0 + n1
, ε = z

)
, k = 0, 1, . . . , n0 + n1 , 0 ≤ z ≤ 1 , (9)

where ε̂ is again either the resubstitution estimator ε̂r or the leave-one-out estimator ε̂l, in the case where
the classes are Gaussian distributed. Note that, even though we are using the terminology “density,” the
quantity in (9) is in fact a combination of density in ε and probability mass function in ε̂.

4



3 Univariate Case

Consider a set of n = n0 + n1 i.i.d. univariate samples, where n0 samples {X1, X2, . . . Xn0} come from
population Π0 distributed as N(µ0, σ2

0), and n1 samples {Xn0+1, Xn0+2, . . . Xn0+n1} come from population
Π1 distributed as N(µ1, σ2

1). The problem is to assign a new sample X = x from the mixture population
p Π0 +(1− p)Π1, 0 < p < 1, to one of the classes. Without loss of generality, we will assume throughout this
section that µ0 > µ1. We will assume, for simplicity, that p = 1

2 , but the approach is easily generalizable to
the case p %= 1

2 .
In the univariate case, the LDA classifier and discriminant reduces to the

ψ(x) =

{
0, if W (x) = (x− µ̂)(µ̂0 − µ̂1) > 0
1, otherwise

(10)

where µ̂0 and µ̂1 are the sample means for each class and µ̂ = 1
2 (µ̂0 + µ̂1).

3.1 Resubstitution

From (10), we see that ψ can be written simply as ψ(x) = I{x<µ̂}, if µ̂0 > µ̂1, i.e., sample means are on the
same side of the cutpoint µ̂ as the corresponding actual means, and ψ(x) = I{x>µ̂}, if µ̂0 < µ̂1, i.e., sample
means are on the wrong side of the cutpoint (the case µ̂0 = µ̂1 having probability 0). The first case may be
called “direct” classification, while the second case characterizes “reverse” classification.

Let us introduce the functions ε↑ : R → [0, 1] and ε↓ : R → [0, 1] as follows.

ε↑(w) =
1
2

[
Φ

(
w − µ0

σ0

)
+ Φ

(
µ1 − w

σ1

)]
, (11)

and
ε↓(w) = 1− ε↑(w) =

1
2

[
Φ

(
µ0 − w

σ0

)
+ Φ

(
w − µ1

σ1

)]
, (12)

where Φ(x) is the Gaussian cumulative distribution function evaluated at x.
The actual error for the classifier ψ in (10) is a function of µ̂ and of the “direction” of classification:

ε =

{
ε↑(µ̂) , µ̂0 > µ̂1 (direct classification)
ε↓(µ̂) , µ̂0 < µ̂1 (reverse classification)

(13)

3.1.1 Equal-Variance Case

In this section, it is assumes that σ0 = σ1 = σ (this assumption will be dropped in the next Section). The
restriction ε <z in (8) puts a corresponding restriction on where µ̂ may lie on the real line, which in turn
affects the derivation of the joint probability in (8). For direct classification, ε is always under 0.5, while
for reverse classification, ε is always above 0.5. In addition, if ε∗ denotes the optimal (Bayes) classification
error, then

• Direct classification ⇒ ε∗ = ε↑(w1) ≤ ε < 0.5

• Reverse classification ⇒ 0.5 < ε ≤ 1− ε∗ = ε↓(w1),
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Figure 1: Plots of actual error as a function of µ̂, for µ0 = 1, µ1 = 0, and σ0 = σ1 = 1. Left: plot of ε↑(w),
direct classification (µ̂0 > µ̂1). Right: plot of ε↓(w), reverse classification (µ̂0 < µ̂1).

where w1 = 1
2 (µ0 + µ1) is the single point where the two densities N(µ0, σ2) and N(µ1, σ2) are equal. See

the example in Figure 1, where the actual error rate ε is plotted as a function of µ̂, for the case µ0 = 1,
µ1 = 0, and σ0 = σ1 = 1.

The event [ε <z ] is characterized as follows (see Figure 1):

[ε <z ] =






∅ , for z < ε∗

[ µ̂ ∈ (w11, w10), µ̂0 > µ̂1] , for ε∗ ≤ z ≤ 0.5

[ µ̂0 > µ̂1] ∪ [ µ̂ %∈ (w11, w10), µ̂0 < µ̂1] , for 0.5 < z ≤ 1− ε∗

Ω , for z > 1− ε∗

(14)

where Ω denotes the entire sample space, and the cutpoints w11 < w10 can be found easily in each case by
numerical inversion of the respective function ε↑ or ε↓. We have thus established the following Lemma.

Lemma 1. For σ0 = σ1,

P

(
ε̂r =

k

n0 + n1
, ε < z

)
=






0 , for z < ε∗

P
(
ε̂r = k

n0+n1
, µ̂ ∈ (w11, w10), µ̂0 > µ̂1

)
, for ε∗ ≤ z ≤ 0.5

P
(
ε̂r = k

n0+n1
, µ̂0 > µ̂1

)
+

P
(
ε̂r = k

n0+n1
, µ̂ %∈ (w11, w10), µ̂0 < µ̂1

)
, for 0.5 < z ≤ 1− ε∗

P
(
ε̂r = k

n0+n1

)
, for z > 1− ε∗

(15)
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The following theorem specifies how to compute these probabilities in the case k = 0 (no apparent error).
This result is next extended to k > 0.

Theorem 1. Let Xi ∼ N(µ0, σ2) for i = 1, . . . , n0, and Xi ∼ N(µ1, σ2) for i = n0 + 1, . . . , n0 + n1 be i.i.d.
observations used to derive the classifier in (10). Then

P (ε̂r =0, µ̂ ∈ (a, b), µ̂0 > µ̂1) = P (Z1 > 0)
P (ε̂r =0, µ̂ %∈ (a, b), µ̂0 < µ̂1) = P (Z2 < 0) + P (Z3 < 0)

P (ε̂r =0, µ̂0 > µ̂1) = P (Z4 > 0)
P (ε̂r =0) = P (Z4 > 0) + P (Z4 < 0)

(16)

where Z1 is a Gaussian random vector of size n0+n1+3, with mean µZ1 given by:




(µ0 − µ1)1n0+n1+1

(µ0 + µ1)− 2a

−(µ0 + µ1) + 2b



 (17)

and covariance matrix ΣZ1 = σ2H, where:

Hij =






4n0−3
n0

+ 1
n1

, i, j = 1, . . . , n0, i = j

− 3
n0

+ 1
n1

, i, j = 1, . . . , n0, i %= j

1
n0

+ 4n1−3
n1

, i, j = n0 + 1, . . . , n0 + n1, i = j

1
n0
− 3

n1
, i, j = n0 + 1, . . . , n0 + n1, i %= j

1
n0
− 1

n1
,

{
i = n0 + n1 + 2, j = 1, . . . , n0 + n1 + 1
j = n0 + n1 + 2, i = 1, . . . , n0 + n1 + 1

,

1
n1
− 1

n0
,

{
i = n0 + n1 + 3, j = 1, . . . , n0 + n1 + 1
j = n0 + n1 + 3, i = 1, . . . , n0 + n1 + 1

,

− 1
n0
− 1

n1
,

{
i = n0 + n1 + 2, j = n0 + n1 + 3
i = n0 + n1 + 3, j = n0 + n1 + 2

,

1
n0

+ 1
n1

, otherwise

(18)

Furthermore, Z2 (resp. Z3) is a Gaussian random vector of size n0+n1+2, obtained from Z1 by eliminating
component n0 + n1 + 3 (resp. n0 + n1 + 2), while Z4 is Gaussian random vector of size n0+n1+1, obtained
from Z1 by eliminating both components n0 + n1 + 2 and n0 + n1 + 3.

Proof. See Appendix.

Now observe that the probability of committing k > 0 errors on the training data can be written as

P ([k errors]) =
k∑

l=0

P ([l errors in class 0 and k − l errors in class 1])

=
k∑

l=0

(
n0

l

)(
n1

k − l

)
P ([X1, . . . , Xl in error and Xn0+1, . . . , Xn0+l−k in error])

(19)
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Furthermore, the random vectors Zi in Theorem 1 assume that no training point in X1, . . . , Xn0+n1 is
misclassified; misclassification of Xj implies flipping the sign of the j-th component of Zi, as can be easily
checked in the proof of Theorem 1. This establishes the following theorem.

Theorem 2. Under the same conditions as in Theorem 1,

P

(
ε̂r =

k

n0 + n1
, µ̂ ∈ (a, b), µ̂0 > µ̂1

)
=

k∑

l=0

(
n0

l

)(
n1

k − l

)
P (E2

l,k−lZ1 > 0)

P

(
ε̂r =

k

n0 + n1
, µ̂ %∈ (a, b), µ̂0 < µ̂1

)
=

k∑

l=0

(
n0

l

)(
n1

k − l

) [
P (E1

l,k−lZ2 < 0) + P (E1
l,k−lZ3 < 0)

]

P

(
ε̂r =

k

n0 + n1
, µ̂0 > µ̂1

)
=

k∑

l=0

(
n0

l

)(
n1

k − l

)
P (E0

l,k−lZ4 > 0)

P

(
ε̂r =

k

n0 + n1

)
=

k∑

l=0

(
n0

l

)(
n1

k − l

) [
P (E0

l,k−lZ4 > 0) + P (E0
l,k−lZ4 < 0)

]

(20)

Where the vectors Zi, i = 1, . . . , 4, are defined in Theorem 1, and Er
l,k−l is a diagonal matrix of size

n0 + n1 + 1 + r, for r = 0, 1, 2, with diagonal elements (−1l,1n0−l,−1k−l,1n1−(k−l), 1,1r).

Theorem 2, in conjunction with Lemma 1, allows the exact computation of the joint probability in (8)
for the resubstitution error estimator. The probabilities of the kind P (Z > 0), where Z is a Gaussian vector,
which are needed in the computations above, can be readily computed using an algorithm for integration
of multivariate Gaussian densities over rectangular regions, due to Genz and Bretz [46]. This provides an
efficient and very accurate method for the exact computation of the joint probability in (8).

3.1.2 Unequal-Variance Case

In this section, we consider the case where σ0 %= σ1. As was seen in the previous section, when the variances
are equal, the class densities are equal at a single point w1 = 1

2 (µ0 + µ1), which also is an extremum point
of the classification error functions ε↑ and ε↓. In the present unequal-variance case, the class densities are
equal at two points w1 and w2,

w1 =
µ1σ2

0 − µ0σ2
1 + σ0σ1

√
(µ1 − µ0)2 + 2(σ2

1 − σ2
0) ln σ1

σ0

σ2
0 − σ2

1

w2 =
µ1σ2

0 − µ0σ2
1 − σ0σ1

√
(µ1 − µ0)2 + 2(σ2

1 − σ2
0) ln σ1

σ0

σ2
0 − σ2

1

,

(21)

where w1 > w2 for σ0 > σ1 and w1 < w2 for σ0 < σ1. These points are extrema of the classification error,
in the sense that

• Direct classification ⇒ ε∗ = ε↑(w1) ≤ ε ≤ ε↑(w2), with ε↑(w1) < 0.5 < ε↑(w2).

• Reverse classification ⇒ ε↓(w2) ≤ ε ≤ ε↓(w1) = 1− ε∗, with ε↓(w2) < 0.5 < ε↓(w1).
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Figure 2: Plots of actual error as a function of µ̂, for µ0 = 1, µ1 = 0, σ0 = 3, σ1 = 1 and ε↓(w2) < z ≤ 0.5.
Left: plot of ε↑(w), direct classification (µ̂0 > µ̂1). Right: plot of ε↓(w), reverse classification (µ̂0 < µ̂1).

This is illustrated in Figure 2, where the actual error rate ε is plotted as a function of µ̂, for the case
µ0 = 1, µ1 = 0, σ0 = 3, and σ1 = 1.

The event [ε <z ] is characterized as follows (see Figure 2):

[ε <z ] =






∅ , for z < ε∗

[ µ̂ ∈ (w11, w10), µ̂0 > µ̂1] , for ε∗ ≤ z ≤ ε↓(w2)

[ µ̂ ∈ (w11, w10), µ̂0 > µ̂1] ∪ [ µ̂ ∈ (w21, w20), µ̂0 < µ̂1] , for ε↓(w2) < z ≤ 0.5

[ µ̂ %∈ (w11, w10), µ̂0 < µ̂1] ∪ [ µ̂ %∈ (w21, w20), µ̂0 > µ̂1] , for 0.5 < z ≤ ε↑(w2)

[ µ̂0 > µ̂1] ∪ [ µ̂ %∈ (w11, w10), µ̂0 < µ̂1] , for ε↑(w2) < z ≤ 1− ε∗

Ω , for z > 1− ε∗

(22)

where the cutpoints w11 < w10 and w21 < w20 can be found easily in each case by numerical inversion of the
respective function ε↑ or ε↓, such that w1 ∈ (w11, w10) and w2 ∈ (w21, w20). We have thus established the
following Lemma.
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Lemma 2. For arbitrary σ0 %= σ1,

P

(
ε̂r =

k

n0 + n1
, ε < z

)
=






0 , for z < ε∗

P
(
ε̂r = k

n0+n1
, µ̂ ∈ (w11, w10), µ̂0 > µ̂1

)
, for ε∗ ≤ z ≤ ε↓(w2)

P
(
ε̂r = k

n0+n1
, µ̂ ∈ (w11, w10), µ̂0 > µ̂1

)
+

P
(
ε̂r = k

n0+n1
, µ̂ ∈ (w21, w20), µ̂0 < µ̂1

)
, for ε↓(w2) < z ≤ 0.5

P
(
ε̂r = k

n0+n1
, µ̂ %∈ (w11, w10), µ̂0 < µ̂1

)
+

P
(
ε̂r = k

n0+n1
, µ̂ %∈ (w21, w20), µ̂0 > µ̂1

)
, for 0.5 < z ≤ ε↑(w2)

P
(
ε̂r = k

n0+n1
, µ̂0 > µ̂1

)
+

P
(
ε̂r = k

n0+n1
, µ̂ %∈ (w11, w10), µ̂0 < µ̂1

)
, for ε↑(w2) < z ≤ 1− ε∗

P
(
ε̂r = k

n0+n1

)
, for z > 1− ε∗

(23)

The following theorem specifies how to compute these probabilities in the case k = 0 (no apparent error).
The proof of this theorem is similar to the proof of Theorem 1 and is thus omitted.

Theorem 3. Let Xi ∼ N(µ0, σ2
0) for i = 1, . . . , n0, and Xi ∼ N(µ1, σ2

1) for i = n0 + 1, . . . , n0 + n1 be i.i.d.
observations used to derive the classifier in (10). Then

P (ε̂r =0, µ̂ ∈ (a, b), µ̂0 > µ̂1) = P (Z1 > 0)
P (ε̂r =0, µ̂ ∈ (a, b), µ̂0 < µ̂1) = P (Z ′

1 < 0)
P (ε̂r =0, µ̂ %∈ (a, b), µ̂0 < µ̂1) = P (Z2 < 0) + P (Z3 < 0)
P (ε̂r =0, µ̂ %∈ (a, b), µ̂0 > µ̂1) = P (Z ′

2 > 0) + P (Z ′
3 > 0)

P (ε̂r =0, µ̂0 > µ̂1) = P (Z4 > 0)
P (ε̂r =0) = P (Z4 > 0) + P (Z4 < 0)

(24)

where Z1 is a Gaussian random vector of size n0+n1+3, with mean µZ1 given by:

µZ1 =





(µ0 − µ1)1n0+n1+1

(µ0 + µ1)− 2a

−(µ0 + µ1) + 2b



 (25)
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and covariance matrix ΣZ1 given by

(ΣZ1)ij =






(4n0 − 3)σ2
0

n0
+ σ2

1
n1

, i, j = 1, . . . , n0, i = j

−3σ2
0

n0
+ σ2

1
n1

, i, j = 1, . . . , n0, i %= j

σ2
0

n0
+ (4n1 − 3)σ2

1
n1

, i, j = n0 + 1, . . . , n0 + n1, i = j

σ2
0

n0
− 3σ2

1
n1

, i, j = n0 + 1, . . . , n0 + n1, i %= j

σ2
0

n0
− σ2

1
n1

,

{
i = n0 + n1 + 2, j = 1, . . . , n0 + n1 + 1
j = n0 + n1 + 2, i = 1, . . . , n0 + n1 + 1

,

σ2
1

n1
− σ2

0
n0

,

{
i = n0 + n1 + 3, j = 1, . . . , n0 + n1 + 1
j = n0 + n1 + 3, i = 1, . . . , n0 + n1 + 1

,

−(σ2
0

n0
+ σ2

1
n1

) ,

{
i = n0 + n1 + 2, j = n0 + n1 + 3
i = n0 + n1 + 3, j = n0 + n1 + 2

,

σ2
0

n0
+ σ2

1
n1

, otherwise

(26)

Here Z ′
1 is a Gaussian random vector of size n0+n1+3, obtained from Z1 by multiplying by −1 the last two

components of Z1. Furthermore, Z2 (resp. Z3) is a Gaussian random vector of size n0+n1+2, obtained from
Z1 by eliminating component n0 +n1 +3 (resp. n0 +n1 +2), while Z ′

2 (resp. Z ′
3) is a Gaussian random vector

of size n0+n1+2, obtained from Z ′
1 by eliminating component n0 + n1 + 3 (resp. n0 + n1 + 2) . Finally, Z4

is Gaussian random vector of size n0+n1+1, obtained from Z1 by eliminating both components n0 + n1 + 2
and n0 + n1 + 3.

The previous result can be extended to the case k > 0 by using the same reasoning employed before in
connection with Theorem 2, which establishes the following result.

Theorem 4. Under the same conditions as in Theorem 3,

P

(
ε̂r =

k

n0 + n1
, µ̂ ∈ (a, b), µ̂0 > µ̂1

)
=

k∑

l=0

(
n0

l

)(
n1

k − l

)
P (E2

l,k−lZ1 > 0)

P

(
ε̂r =

k

n0 + n1
, µ̂ ∈ (a, b), µ̂0 < µ̂1

)
=

k∑

l=0

(
n0

l

)(
n1

k − l

)
P (E2

l,k−lZ
′
1 < 0)

P

(
ε̂r =

k

n0 + n1
, µ̂ %∈ (a, b), µ̂0 < µ̂1

)
=

k∑

l=0

(
n0

l

)(
n1

k − l

) [
P (E1

l,k−lZ2 < 0) + P (E1
l,k−lZ3 < 0)

]

P

(
ε̂r =

k

n0 + n1
, µ̂ %∈ (a, b), µ̂0 > µ̂1

)
=

k∑

l=0

(
n0

l

)(
n1

k − l

) [
P (E1

l,k−lZ
′
2 > 0) + P (E1

l,k−lZ
′
3 > 0)

]

P

(
ε̂r =

k

n0 + n1
, µ̂0 > µ̂1

)
=

k∑

l=0

(
n0

l

)(
n1

k − l

)
P (E0

l,k−lZ4 > 0)

P

(
ε̂r =

k

n0 + n1

)
=

k∑

l=0

(
n0

l

)(
n1

k − l

) [
P (E0

l,k−lZ4 > 0) + P (E0
l,k−lZ4 < 0)

]
,

(27)
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where the vectors Zi, i = 1, . . . , 4, Z ′
i, i = 1, . . . , 3, are defined in Theorem 3, and Er

l,k−l is a diagonal matrix
of size n0 + n1 + 1 + r, for r = 0, 1, 2, with diagonal elements (−1l,1n0−l,−1k−l,1n1−(k−l), 1,1r).

Theorem 4, in conjunction with Lemma 2, allows the exact computation of the joint probability in (8)
for the resubstitution error estimator. The probabilities of the kind P (Z > 0), where Z is a Gaussian vector,
which are needed in the computations above, can be readily computed using the algorithm for integration of
multivariate Gaussian densities over rectangular regions due to Genz and Bretz [46]. This provides an efficient
and very accurate method for the exact computation of the joint probability in (8) in the resubstitution case.

3.1.3 Joint Density

It is relatively easy to apply a methodology similar to the one in the previous sections to obtain the joint
density in (9) for the resubstitution error estimator. Let the value of the gaussian density with mean µ
and variance σ2 at x be denoted by ϕ(x, µ, σ2), and let ψ(w) = |ϕ(x, µ0, σ2

0) − ϕ(x, µ1, σ2
1)|. The following

Lemma can be easily shown.

Lemma 3. For arbitrary σ0 %= σ1,

p

(
ε̂r =

k

n0 + n1
, ε = z

)
=






0 , for z < ε∗

1
ψ(w11)

p
(
ε̂r = k

n0+n1
, µ̂ = w11, µ̂0 > µ̂1

)
+

1
ψ(w10)

p
(
ε̂r = k

n0+n1
, µ̂ = w10, µ̂0 > µ̂1

)
, for ε∗ ≤ z ≤ ε↓(w2)

1
ψ(w11)

p
(
ε̂r = k

n0+n1
, µ̂ = w11, µ̂0 > µ̂1

)
+

1
ψ(w10)

p
(
ε̂r = k

n0+n1
, µ̂ = w10, µ̂0 > µ̂1

)
+

1
ψ(w21)

p
(
ε̂r = k

n0+n1
, µ̂ = w21, µ̂0 < µ̂1

)
+

1
ψ(w20)

p
(
ε̂r = k

n0+n1
, µ̂ = w20, µ̂0 < µ̂1

)
, for ε↓(w2) < z ≤ 0.5

1
ψ(w21)

p
(
ε̂r = k

n0+n1
, µ̂ = w21, µ̂0 > µ̂1

)
+

1
ψ(w20)

p
(
ε̂r = k

n0+n1
, µ̂ = w20, µ̂0 > µ̂1

)
+

1
ψ(w11)

p
(
ε̂r = k

n0+n1
, µ̂ = w11, µ̂0 < µ̂1

)
+

1
ψ(w10)

p
(
ε̂r = k

n0+n1
, µ̂ = w10, µ̂0 < µ̂1

)
, for 0.5 < z ≤ ε↑(w2)

1
ψ(w11)

p
(
ε̂r = k

n0+n1
, µ̂ = w11, µ̂0 < µ̂1

)
+

1
ψ(w10)

p
(
ε̂r = k

n0+n1
, µ̂ = w10, µ̂0 < µ̂1

)
, for ε↑(w2) < z ≤ 1− ε∗

0 for z > 1− ε∗

(28)

Lemma 3 holds for the case of equal variances σ0 = σ1, by considering only two regions with z < 0.5 and
z > 0.5 and eliminating all terms that include w20 and w21.

The following theorem specifies how to compute the terms on the right hand side of (28).
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Theorem 5. Under the same conditions as in Theorem 3,

p

(
ε̂r =

k

n0 + n1
, µ̂ = a, µ̂0 > µ̂1

)
=

k∑

l=0

(
n0

l

)(
n1

k − l

)
P (E0

l,k−lY > 0)ϕ
(

0, µ0 + µ1 − 2a,
σ2

0

n0
+

σ2
1

n1

)

p

(
ε̂r =

k

n0 + n1
, µ̂ = a, µ̂0 < µ̂1

)
=

k∑

l=0

(
n0

l

)(
n1

k − l

)
P (E0

l,k−lY < 0)ϕ
(

0, µ0 + µ1 − 2a,
σ2

0

n0
+

σ2
1

n1

)

(29)
Here Y is a Gaussian random vector of size n0 + n1 + 1 with mean µY given by:

µY = 2n1σ2
0(a−µ1)−n0σ2

1(a−µ0)
n1σ2

0+n0σ2
1

1n0+n1+1 (30)

and covariance matrix ΣY given by

ΣY = ΣY11 −
1

n0n1

(n1σ2
0 − n0σ2

1)2

n1σ2
0 + n0σ2

1

1(n0+n1+1)×(n0+n1+1) (31)

where:

ΣY11 =






(4n0 − 3)σ2
0

n0
+ σ2

1
n1

, i, j = 1, . . . , n0, i = j

−3σ2
0

n0
+ σ2

1
n1

, i, j = 1, . . . , n0, i %= j

σ2
0

n0
+ (4n1 − 3)σ2

1
n1

, i, j = n0 + 1, . . . , n0 + n1, i = j

σ2
0

n0
− 3σ2

1
n1

, i, j = n0 + 1, . . . , n0 + n1, i %= j

σ2
0

n0
+ σ2

1
n1

, otherwise

(32)

and E0
l,k−l is the diagonal matrix used in theorem 4.

Proof. See Appendix.

Theorem 5, in conjunction with Lemma 3, allows the exact computation of the joint density in (9) for
the resubstitution error estimator.

3.1.4 Numerical Examples

Figures 3 and 4 display examples of the joint probability in (8) and the corresponding joint density in (9),
respectively, for the resubstitution error estimator, computed using the expressions given previously.

3.2 Leave-One-Out

We consider only the general unequal-variance case. The development here is considerably more complex
than in the case of resubstitution. However, Lemma 2 still holds for the case of leave-one-out, by replacing
ε̂r with ε̂l. The probabilities required in the Lemma are given in the next Theorem, which is the counterpart
of Theorem 3.
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Figure 3: Joint probability in (8) for the resubstitution error estimator: n0 = n1 = 10, m0 = 1,m1 = 0,
σ0 = 2, σ1 = 1. Bayes error = 0.32742.

14



Figure 4: Joint density in (9) for the resubstitution error estimator: n0 = n1 = 10, m0 = 1,m1 = 0,
σ0 = 2, σ1 = 1. Bayes error = 0.32742.
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Theorem 6. Let Xi ∼ N(µ0, σ2
0) for i = 1, . . . , n0, and Xi ∼ N(µ1, σ2

1) for i = n0 + 1, . . . , n0 + n1 be i.i.d.
observations used to derive the classifier in (10). Then

P (ε̂l =0, µ̂ ∈ (a, b), µ̂0 > µ̂1) =
n0∑

m=0

n1∑

n=0

(
n0

m

)(
n1

n

)
P (E2

m,nZ1 > 0)

P (ε̂l =0, µ̂ ∈ (a, b), µ̂0 < µ̂1) =
n0∑

m=0

n1∑

n=0

(
n0

m

)(
n1

n

)
P (E2

m,nZ ′
1 < 0)

P (ε̂l =0, µ̂ %∈ (a, b), µ̂0 < µ̂1) =
n0∑

m=0

n1∑

n=0

(
n0

m

)(
n1

n

)(
P (E1

m,nZ2 < 0) + P (E1
m,nZ3 < 0)

)

P (ε̂l =0, µ̂ %∈ (a, b), µ̂0 > µ̂1) =
n0∑

m=0

n1∑

n=0

(
n0

m

)(
n1

n

)(
P (E1

m,nZ ′
2 > 0) + P (E1

m,nZ ′
3 > 0)

)

P (ε̂l =0, µ̂0 > µ̂1) =
n0∑

m=0

n1∑

n=0

(
n0

m

)(
n1

n

)
P (E0

m,nZ4 > 0)

P (ε̂l =0) =
n0∑

m=0

n1∑

n=0

(
n0

m

)(
n1

n

)(
P (E0

m,nZ4 > 0) + P (E0
m,nZ4 < 0)

)

(33)

where Er
m,n is a diagonal matrix of size 2(n0 + n1) + r + 1, for r = 0, 1, 2, with diagonal elements

(−1m,1n0−m,−1m,1n0−m,−1n,1n1−n,−1n,1n1−n,1r+1). Here Z1 is a gaussian random vector of size
2(n0+n1)+3, with mean µZ1 given by:

µZ1 =





n0−1
n0

(µ0 − µ1)12n0

n1−1
n1

(µ0 − µ1)12n1

µ0 − µ1

(µ0 + µ1)− 2a

−(µ0 + µ1) + 2b





and covariance matrix ΣZ1 given by

ΣZ1 =





C1 C2 C4

C2T
C3 C5

C4T
C5T

C6




(34)
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where

(C1)ij =






(
4− 7

n0
+ 3

n2
0

)
σ2

0 + (n0−1)2σ2
1

n2
0n1

, i, j = 1, . . . , n0, i = j
(
−3
n0

+ 2
n2

0

)
σ2

0 + (n0−1)2σ2
1

n2
0n1

, i, j = 1, . . . , n0, i %= j

(n0−1)σ2
0

n2
0

+ (n0−1)2σ2
1

n2
0n1

, i, j = n0 + 1, . . . , 2n0, i = j

(n0−2)σ2
0

n2
0

+ (n0−1)2σ2
1

n2
0n1

, i, j = n0 + 1, . . . , 2n0, i %= j

−(n0−1)σ2
0

n2
0

+ (n0−1)2σ2
1

n2
0n1

,

{
i = n0 + 1, . . . , 2n0, j = i− n0

j = n0 + 1, . . . , 2n0, i = j − n0

σ2
0

n0
+ (n0−1)2σ2

1
n2

0n1
, otherwise

(35)

C2 =
[
(n1 − 1)(n0 − 1)σ2

0

n2
0n1

+
(n1 − 1)(n0 − 1)σ2

1

n2
1n0

]
12n0×2n1 (36)

(C3)ij =






(
4− 7

n1
+ 3

n2
1

)
σ2

1 + (n1−1)2σ2
0

n0n2
1

, i, j = 1, . . . , n1, i = j
(
−3
n1

+ 2
n2

1

)
σ2

1 + (n1−1)2σ2
0

n0n2
1

, i, j = 1, . . . , n1, i %= j

(n1−1)σ2
1

n2
1

+ (n1−1)2σ2
0

n0n2
1

, i, j = n1 + 1, . . . , 2n1, i = j

(n1−2)σ2
1

n2
1

+ (n1−1)2σ2
0

n0n2
1

, i, j = n1 + 1, . . . , 2n1, i %= j

−(n1−1)σ2
1

n2
1

+ (n1−1)2σ2
0

n0n2
1

,

{
i = n1 + 1, . . . , 2n1, j = i− n1

j = n1 + 1, . . . , 2n1, i = j − n1

σ2
1

n1
+ (n1−1)2σ2

0
n0n2

1
, otherwise

(37)

C4 =
(n0 − 1)

n0

[
(
σ2

0

n0
+

σ2
1

n1
)2n0×1 (

σ2
0

n0
− σ2

1

n1
)2n0×1 (

σ2
1

n1
− σ2

0

n0
)2n0×1

]

2n0×3

(38)

C5 =
(n1 − 1)

n1

[
(
σ2

0

n0
+

σ2
1

n1
)2n1×1 (

σ2
0

n0
− σ2

1

n1
)2n1×1 (

σ2
1

n1
− σ2

0

n0
)2n1×1

]

2n1×3

(39)

C6 =





(σ2
0

n0
+ σ2

1
n1

) (σ2
0

n0
− σ2

1
n1

) (σ2
1

n1
− σ2

0
n0

)

(σ2
0

n0
− σ2

1
n1

) (σ2
0

n0
+ σ2

1
n1

) −(σ2
0

n0
+ σ2

1
n1

)

(σ2
1

n1
− σ2

0
n0

) −(σ2
0

n0
+ σ2

1
n1

) (σ2
0

n0
+ σ2

1
n1

)




, (40)

whereas Z ′
1 is a Gaussian random vector of size 2(n0+n1)+3, obtained from Z1 by multiplying by −1 the

last two components of Z1. Furthermore, Z2 (resp. Z3) is a Gaussian random vector of size 2(n0+n1)+2,
obtained from Z1 by eliminating component 2(n0 + n1) + 3 (resp. 2(n0 + n1) + 2), while Z ′

2 (resp. Z ′
3) is a

Gaussian random vector of size 2(n0+n1)+2 , obtained from Z ′
1 by eliminating component 2(n0 + n1) + 3

(resp. 2(n0 + n1) + 2) . Finally, Z4 is Gaussian random vector of size 2(n0+n1)+1, obtained from Z1 by
eliminating both components 2(n0 + n1) + 2 and 2(n0 + n1) + 3.
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Proof. See Appendix.
The previous result can be extended to the case k > 0 by using the same reasoning employed before in

connection with Theorem 2 and 4, which establishes the following result.

Theorem 7. Under the same conditions as in Theorem 6,

P
(
ε̂l = k

n0+n1
, µ̂ ∈ (a, b), µ̂0 > µ̂1

)
=

∑k
l=0

(n0
l

)( n1
k−l

) ∑l
p=0

∑k−l
q=0

( l
p

)(k−l
q

) ∑n0−l
m=0

∑n1−(k−l)
n=0

(n0−l
m

)(n1−(k−l)
n

)
P (E2,p,q,k,l

m,n Z1 > 0)

P
(
ε̂l = k

n0+n1
, µ̂ ∈ (a, b), µ̂0 < µ̂1

)
=

∑k
l=0

(n0
l

)( n1
k−l

) ∑l
p=0

∑k−l
q=0

( l
p

)(k−l
q

) ∑n0−l
m=0

∑n1−(k−l)
n=0

(n0−l
m

)(n1−(k−l)
n

)
P (E2,p,q,k,l

m,n Z ′
1 < 0)

P
(
ε̂l = k

n0+n1
, µ̂ %∈ (a, b), µ̂0 < µ̂1

)
=

∑k
l=0

(n0
l

)( n1
k−l

) ∑l
p=0

∑k−l
q=0

( l
p

)(k−l
q

) ∑n0−l
m=0

∑n1−(k−l)
n=0

(n0−l
m

)(n1−(k−l)
n

) [
P (E1,p,q,k,l

m,n Z2 < 0)

+ P (E1,p,q,k,l
m,n Z3 < 0)

]

P
(
ε̂l = k

n0+n1
, µ̂ %∈ (a, b), µ̂0 > µ̂1

)
=

∑k
l=0

(n0
l

)( n1
k−l

) ∑l
p=0

∑k−l
q=0
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)(k−l
q
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n
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P (E1,p,q,k,l

m,n Z ′
2 > 0)

+ P (E1,p,q,k,l
m,n Z ′

3 > 0)
]

P
(
ε̂l = k

n0+n1
, µ̂0 > µ̂1

)
=

∑k
l=0

(n0
l

)( n1
k−l

) ∑l
p=0

∑k−l
q=0

( l
p

)(k−l
q

) ∑n0−l
m=0

∑n1−(k−l)
n=0

(n0−l
m

)(n1−(k−l)
n

)
P (E0,p,q,k,l

m,n Z4 > 0)

P
(
ε̂l = k

n0+n1

)
=

∑k
l=0

(n0
l

)( n1
k−l

) ∑l
p=0

∑k−l
q=0

( l
p

)(k−l
q

) ∑n0−l
m=0

∑n1−(k−l)
n=0

(n0−l
m

)(n1−(k−l)
n

) [
P (E0,p,q,k,l

m,n Z4 > 0)

+ P (E0,p,q,k,l
m,n Z4 < 0)

]

(41)

where the vectors Zi, i = 1, . . . , 4, and Z ′
i, i = 1, . . . , 3, are defined in Theorem 6, and Er,p,q,k,l

m,n is a
diagonal matrix of size 2(n0 +n1)+ r +1 with diagonal elements given by the component-wise product of the
vectors (−1p,1n0 ,−1l−p,1n0−l,−1q,1n1 ,−1k−l−q,−1n1−k+l,1r+1) and (−1l,1m,−1n0−m,1m,−1n0−l−m,
−1k−l,1n,−1n1−n,1n,−1n1−k+l−n,1r+1).

Theorem 7, in conjunction with Lemma 2, with ε̂r replaced by with ε̂l, allows the exact computation of
the joint probability in (8) for the leave-one-out error estimator.

3.2.1 Joint Density

As in the resubstitution case, it is possible to apply a methodology similar to the one in the previous sections
to obtain the joint density in (9) for the leave-one-out error estimator. As mentioned previously, Lemma 2
still holds for the case of leave-one-out, by replacing ε̂r with ε̂l, whereas the following result is the counterpart
of Theorem 5. The proof of this theorem is similar to the proof of Theorem 5 and is thus omitted.
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Theorem 8. Under the same conditions as in Theorem 6,

p
(
ε̂l = k

n0+n1
, µ̂ = a, µ̂0 > µ̂1

)
=
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(n0
l

)( n1
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m
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m,n Y > 0)

× ϕ
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0
n0

+ σ2
1

n1

)

p
(
ε̂l = k

n0+n1
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)
=
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(n0
l

)( n1
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)(k−l
q
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)(n1−(k−l)
n

)
P (E0,p,q,k,l

m,n Y < 0)

× ϕ
(
0, µ0 + µ1 − 2a, σ2

0
n0

+ σ2
1

n1

)

(42)

in which E0,p,q,k,l
m,n is the diagonal matrix used in Theorem 7, and Y is a Gaussian random vector of size

2(n0 + n1) + 1 with mean µY given by:

µY = 2n1σ2
0(a−µ1)−n0σ2

1(a−µ0)
n1σ2

0+n0σ2
1

[ (n0−1)
n0

1T
2n0

(n1−1)
n1

1T
2n1

1]T(2n0+2n1+1)×1 (43)

and covariance matrix ΣY given by

ΣY = ΣY11 −
1

n0n1

(n1σ2
0 − n0σ2

1)2

n1σ2
0 + n0σ2

1

H(2n0+2n1+1)×(2n0+2n1+1) (44)

where

ΣY11 =




C1 C2 ad12n0

C2T
C3 cd12n1

ad1T
2n0

cd1T
2n1

d



 (45)

and

H =




a212n0×2n0 b12n0×2n1 a12n0

b12n1×2n0 c212n1×2n1 c12n1

a1T
2n0

c1T
2n1

1



 (46)

with Ci, i = 1, 2, 3 as defined in theorem 6, and a = (n0−1)
n0

, b = (n0−1)(n1−1)
n0n1

, c = (n1−1)
n1

, and d = (σ2
0

n0
+ σ2

1
n1

).

Theorem 8, in conjunction with Lemma 3, with ε̂r replaced by with ε̂l, allows the exact computation of
joint density in (9) for the leave-one-out error estimator.

3.2.2 Numerical Examples

Figures 5 and 6 display examples of the joint probability in (8) and the corresponding joint density in (9),
respectively, for the leave-one-out error estimator, computed using the expressions given previously. Com-
paring these figures to Figures 3 and 4, one observes, among other interesting facts, that there is in the
present case more probability mass at large values of the error estimator, as expected due to the generally
larger variance of leave-one-out with respect to resubstitution.
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Figure 5: Joint probability in (8) for the leave-one-out error estimator: n0 = n1 = 10, m0 = 1,m1 = 0,
σ0 = 2, σ1 = 1. Bayes error = 0.32742.
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Figure 6: Joint density in (9) for the leave-one-out error estimator: n0 = n1 = 10, m0 = 1,m1 = 0,
σ0 = 2, σ1 = 1. Bayes error = 0.32742.
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4 Multivariate Case

Consider now a set of n = n0 + n1 i.i.d. samples, where n0 samples {X1, X2, . . . Xn0} come from the
multivariate Gaussian distribution N(µ0,Σp×p), and n1 samples {Xn0+1, Xn0+2, . . . Xn0+n1} come from the
multivariate Gaussian distribution N(µ1,Σp×p), where µ0 and µ1 are arbitrary p×1 mean vectors and Σp×p

is a covariance matrix common to both classes. The approach used in deriving the joint distribution of actual
and estimated errors in the univariate case is not applicable here; however, we will employ an approximation
method, which is based on the previously derived exact expressions for the univariate case.

This is done by using the Fisher discriminant w = Σ−1(µ0 − µ1) to project the data to the real line,
which gives the maximum separation possible between the classes, and then we use the exact results stated
in previous section on the resultant distributions, namely, the univariate Gaussian distributions N(η0,∆2)
and N(η1,∆2), where

ηi = (µ0 − µ1)T Σ−1µi ,

for i = 0, 1, whereas
∆2 = (µ0 − µ1)T Σ−1(µ0 − µ1)

is the Mahalanobis distance between classes.

4.1 Numerical Examples

In Figure 7, we have assumed mean vectors of opposite signs µ0 = m0 = d1p×1 and µ1 = m1 = −d1p×1,
and covariance Σ matrix with variance 1 on diagonal and correlation r for the off-diagonal elements, where
|r| ≤ 1. The MC approximation uses 3× 106 random samples.

Differences between the proposed approximation and the MC approximation arise in two cases. In the
first case, they are different for values of actual error very close to Bayes error. This could happen because
the MC approximation is poor very close to Bayes error, since there are not enough MC samples that can
be used in that case. However, this case is not so important anyway, given that the actual classification
error usually is not this close to the Bayes error. In the second case, they differ as the value of n/p becomes
smaller. We have observed that the proposed approximation is less accurate in such small-sample settings.
For fixed n/p, the proposed approximation is better for smaller Bayes error.

5 Conditional Bounds and Regression for the Actual Error Given
the Estimated Error

A problem of great importance in practice is to bound the actual classification error given the observed value
of the error estimator, which is akin to finding confidence intervals in classical parameter estimation. In
addition, great insight can be obtained by finding the expected classification error conditioned on the observed
value of the error estimator, which contains “local” information on the accuracy of the classification rule, as
opposed to the “global” information contained in the unconditional expected classification error. These are
called, respectively, conditional bounds and regression of the actual error given the observed error estimated
error, and they can be readily computed given the knowledge of the joint distribution of actual and estimated
error, as detailed in the sequel.
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Figure 7: Joint probability in (8) for the resubstitution (top panels) and leave-one-out (bottom panels) in
the multivariate case: n0 = n1 = 15, m0 = m1 = −d1p×1, d = 0.75, r = 0.1, p = 2. Bayes error = 0.1559.
Legend key: proposed approximation (◦), MC approximation (.).
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Given the knowledge of the joint probability in (8), one can write the conditional distribution of the
actual error given the estimated error as

P

(
ε <z

∣∣∣ ε̂ =
k

n0 + n1

)
= P

(
ε̂ =

k

n0 + n1
, ε < z

) /
P

(
ε̂ =

k

n0 + n1

)
, k = 0, 1, . . . , n0 + n1 (47)

provided that the denominator P
(
ε̂ = k

n0+n1

)
is nonzero (this probability is determined by Theorems 2,

4, or 6).
To find an exact 100(1 − α)% upper bound on the actual error given the resubstitution estimate, we

would like to find zα such that

P

(
ε <z α

∣∣∣ ε̂ =
k

n0 + n1

)
= 1− α . (48)

The value zα can be found by means of a simple one-dimensional search.
As for the regression, note that, from the conditional distribution in (47), one can obtain the conditional

expectation of the actual error given the error estimator, via

E

(
ε

∣∣∣ ε̂r =
k

n0 + n1

)
=

∫ 1

0

(
1− P

(
ε <z

∣∣∣ ε̂r =
k

n0 + n1

))
dz , (49)

by using the fact that E[X] =
∫

P (X > z) dz for any nonnegative random variable X.
Figure 8 illustrates the exact 95% upper conditional bound and regression in the univariate case, using the

expressions for the joint probability in (8) obtained previously, whereas Figure 9 provides similar examples
in the bivariate case (p = 2), using the proposed approximation for the joint probability in (8) developed
previously. The total number of sample points is kept to 20 to facilitate computation. In the multivariate
case, we have assumed mean vectors of opposite signs µ0 = m0 = d1p×1 and µ1 = m1 = −d1 <p×1,
and covariance matrix Σ with variance 1 on the diagonal and correlation r for the off-diagonal elements,
where |r| ≤ 1. In all examples, in order to avoid numerical instability issues, the conditional bounds and
regression are calculated for only those values of the error estimate that have a significant probability mass,
e.g. P (ε̂ = k

n0+n1
) > τ , where τ is a small positive number. Note that the aforementioned probability mass

function is displayed in the plots to show the concentration of mass of the error estimates.
Figure 10 presents univariate and bivariate examples derived from gene-expression data from a recently-

published breast cancer study [47]. Discrimination is between good (class 0) vs. bad (class 1) prognosis. A
subset of 30 samples was randomly selected among the total of 295 included in the aforementioned study, with
n0 = 18 and n1 = 12 to reflect the proportion between classes observed in the full data set, and corresponding
normalized gene expression measurements were extracted for the genes “LOC51203” and “FGF18.” Those
are the top genes according to both the t-test and fold change. Univariate and bivariate Shapiro-Wilk tests
(using the R statistical software) applied on the full data set, for more sensitivity, did not reject Gaussianity
of these genes, either individually or as a pair, over either of the classes at a 95% significance level. Sample
means and variances (the pooled covariance matrix was used in the bivariate case) were used as estimates
of the unknown true means and variances.

These results confirm the lack of regression for small-sample error estimation observed in the simulation
study in [48], as one can see in the figures that both the confidence bounds and the nonlinear regressions
are virtually horizontal, except for a slight bit of upward movement at the extreme right, where there is
very little error-estimator mass and therefore negligible practical significance. This means that the error
estimate provides essentially no information regarding the error as in practically useless, both for predicting
the actual error or bounding it with confidence in the small-sample setting for this Gaussian model. As
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might be expected, the situation is worse with two features as opposed to one, but there is virtually no
regression in either case. We are employing very small sample sizes in these examples (up to a total of
30 sample points), but the number of features is also very small. Consider, by contrast, the much larger
numbers of features often used in practice and consider the much more complex classification rules being
employed. These results provide strong analytic support for the synthetic results obtained in [48].

6 Conclusion

This paper contributes to the analytical study of classification error estimation for LDA under a Gaussian
model, a subject with a long history in Pattern Recognition and Statistics. It presents, for what is believed
to be the first time, the analytical formulation for the joint sampling distribution of the actual and estimated
errors of a classification rule. Here, we considered the resubstitution and leave-one-out error estimators; we
remark however that the same methodology could in principle be employed to derive similar results for other
error estimators. We provide here exact results in the univariate case, and suggest a simple method to obtain
an accurate approximation in the multivariate case. We also showed how these results can be applied in the
computation of condition bounds and the regression of the actual error, given the observed error estimate. In
contrast to asymptotic results, the analysis presented here is applicable to finite training data. In particular,
it applies in the small-sample settings commonly found in genomics and proteomics applications.

In practice the unknown parameters of the Gaussian distributions, which figure in the expressions, are
not known and need to be estimated. Using the usual maximum-likelihood estimates for such parameters
and plugging them into the theoretical exact expressions provides a sample-based approximation to the joint
distribution, and also sample-based methods to estimate upper conditional bounds on the actual error; this
approach was employed in the numerical example based on gene-expression data of Section 5. As the ML
estimators are consistent and all expressions are smooth, these sample-based approximations will converge
to the actual values as sample size increases without bound.

Appendix

Proof of Theorem 1.

We give the proof for the case P (ε̂r =0, µ̂ ∈ (a, b), µ̂0 > µ̂1), the other cases being entirely similar. Note that
the event corresponding to direction of classification, µ̂0 > µ̂1 in this case, how affect the different situations
that corresponds to ε̂r = 0. From the expression for the univariate discriminant

W (x) = (x− µ̂) (µ̂0 − µ̂1)

and noting the the definition of apparent error, it follows that

P (ε̂r =0, µ̂ ∈ (a, b), µ̂0 > µ̂1)
= P (W (X1) ≥ 0, . . . ,W (Xn0) ≥ 0,W (Xn0+1) < 0, . . . ,W (Xn0+n1) < 0, µ̂ ∈ (a, b), µ̂0 > µ̂1)

= P (W (X1) > 0, . . . ,W (Xn0) > 0,W (Xn0+1) < 0, . . . ,W (Xn0+n1) < 0, µ̂ > a,−µ̂ > −b, µ̂0 − µ̂1 > 0)

= P (X1 − µ̂ > 0, . . . , Xn0 − µ̂ > 0, µ̂−Xn0+1 > 0, . . . , µ̂−Xn0+n1 > 0, µ̂0 − µ̂1 > 0, µ̂ > a,−µ̂ > −b, µ̂0 − µ̂1 > 0, )
+P (X1 − µ̂ < 0, . . . , Xn0 − µ̂ < 0, µ̂−Xn0+1 < 0, . . . , µ̂−Xn0+n1 < 0, µ̂0 − µ̂1 < 0, µ̂ > a,−µ̂ > −b, µ̂0 − µ̂1 > 0)

= P (Z1 > 0)
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Figure 8: The 95% upper conditional bounds and regression of actual error given the resubstitution and
leave-one-out error estimates in the univariate case. In all cases, n = 20 and m1 = 0. The horizontal solid
line displays the Bayes error. The marginal probability mass function for the error estimators in each case is
also plotted for reference. Legend key: 95% upper conditional bound (/), regression (∇), probability mass
function (◦).
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Figure 9: The 95% upper conditional bounds and regression of actual error given the resubstitution and
leave-one-out error estimates in the bivariate case: n = 20, m0 = −m1 = d1p, r = 0.1, p = 2. The
marginal probability mass function for the error estimators in each case is also plotted for reference. The
horizontal solid line displays the Bayes error. Legend key: 95% upper conditional bound (/), regression
(∇), probability mass function (◦).
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Figure 10: The 95% upper conditional bounds and regression of actual error given the resubstitution and
leave-one-out error estimates in the univariate case (top row) and bivariate case (bottom row), for distribu-
tional parameters estimated from gene-expression data (see text). The marginal probability mass function
for the error estimators in each case is also plotted for reference. The observed error estimates in each
case are printed and indicated by a vertical bar, and the expected error estimates based on the estimated
distributions are also printed. Legend key: 95% upper conditional bound (/), regression (∇), probability
mass function (∗).
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since P (. . . , µ̂0 − µ̂1 < 0, . . . , µ̂0 − µ̂1 > 0) = 0, with the vector Z1 being given by:

Z1 = [2(X1 − µ̂), . . . , 2(Xn0 − µ̂), 2(µ̂−Xn0+1), . . . , 2(µ̂−Xn0+n1), µ̂0 − µ̂1, µ̂− a,−µ̂ + b]T

Vector Z1 is a linear combination of the vector of observations X = [X1, . . . , Xn0+n1 ], namely, Z1 = AX−c,
where c is determined as follows:

c =





0
...
0
2a
−2b





(n0+n1+3)×1

(50)

matrix A is a function of n0 and n1, a and b determined as follows:

A =




A1

A2

A3





(n0+n1+3)×(n0+n1)

(51)

where

A1 =





(
2− 1

n0

)
− 1

n0
. . . − 1

n0
− 1

n1
. . . − 1

n1

− 1
n0

(
2− 1

n0

)
. . . − 1

n0
− 1

n1
. . . − 1

n1

...
...

. . .
...

...
− 1

n0
− 1

n0
. . .

(
2− 1

n0

)
− 1

n1
. . . − 1

n1





n0×(n0+n1)

(52)

A2 =





1
n0

. . . 1
n0

(
1

n1
− 2

)
1

n1
. . . 1

n1

1
n0

. . . 1
n0

1
n1

(
1

n1
− 2

)
. . . 1

n1

...
...

...
. . .

1
n0

. . . 1
n0

1
n1

1
n1

. . .
(

1
n1
− 2

)





n1×(n0+n1)

(53)

A3 =





1
n0

. . . 1
n0

− 1
n1

. . . − 1
n1

1
n0

. . . 1
n0

1
n1

. . . 1
n1−1

n0
. . . −1

n0

−1
n1

. . . −1
n1





3×(n0+n1)

. (54)

Therefore, Z is a Gaussian random vector, with mean µZ = AµX − c and covariance ΣZ = AΣXAT .
Substituting the values of µX = [µ01n0 , µ11n1 ]T and ΣX = diag(1n0 ,1n1) results in (17) and (18). !
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Proof of Theorem 5.

We give the proof for the case ε̂r = 0. The case ε̂r > 0 is obtained by using the same argument employed in
connection with Theorems 2, 4, and 7. From Theorem 3 and the proof of Theorem 1, we observe that

P (ε̂r =0, µ̂ > a, µ̂0 > µ̂1) = P (Z > 0) (55)

where
Z = [X1 − µ̂, . . . , Xn0 − µ̂0, µ̂−Xn0+1 . . . , µ̂−Xn0+n1 , µ̂0 − µ̂1, 2(µ̂− a)] (56)

is a Gaussian random vector of size n0+n1+2, with mean µZ given by:

µZ =




(µ0 − µ1)1n0+n1+1

(µ0 + µ1)− 2a



 (57)

and covariance matrix ΣZ given by

(ΣZ)ij =






(4n0 − 3)σ2
0

n0
+ σ2

1
n1

, i, j = 1, . . . , n0, i = j

−3σ2
0

n0
+ σ2

1
n1

, i, j = 1, . . . , n0, i %= j

σ2
0

n0
+ (4n1 − 3)σ2

1
n1

, i, j = n0 + 1, . . . , n0 + n1, i = j

σ2
0

n0
− 3σ2

1
n1

, i, j = n0 + 1, . . . , n0 + n1, i %= j

σ2
0

n0
− σ2

1
n1

,

{
i = n0 + n1 + 2, j = 1, . . . , n0 + n1 + 1
j = n0 + n1 + 2, i = 1, . . . , n0 + n1 + 1

,

σ2
0

n0
+ σ2

1
n1

, otherwise

(58)

Let Z = [Y, W ], where Y is the vector containing the first n0+n1+1 components of Z, and W = 2(µ̂− a).
Note that

p (ε̂r = 0, µ̂ = a, µ̂0 > µ̂1) = P (ε̂r =0, µ̂0 > µ̂1 | µ̂ = a) p(µ̂ = a)
= P (Y > 0 | µ̂ = a) p(µ̂ = a)
= P (Y > 0 |W = 0) p(µ̂ = a)

(59)

Now, it is a well-known fact (e.g. see Theorem 2.5.1 in [49]) that the distribution of vector Y given
W is again Gaussian, with mean µY − µW

σ2
W

ΣY W , and covariance matrix ΣY − 1
σ2

W
ΣY W ΣT

Y W . In addi-

tion, p(µ̂ = a) is a Gaussian density with mean µ0+µ1
2 and variance 1

4 (σ2
0

n0
+ σ2

1
n1

). The computation of

p
(
ε̂r = k

n0+n1
, µ̂ = a, µ̂0 < µ̂1

)
is entirely similar. !

Proof of Theorem 6.

We give the proof for the case P (ε̂l =0, µ̂ ∈ (a, b), µ̂0 > µ̂1), the other cases being entirely similar. The
univariate discriminant where the i-th sample is left out is given by

W (i)(x) = (x− µ̂(i)) ν̂(i)
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where µ̂(i) and ν̂(i) are the average and difference, respectively, of sample means when the i-th sample is left
out. Let us define the event intersection of the events A = {µ̂− a > 0} ∩ {−µ̂ + b > 0} ∩ {µ̂0 − µ̂1 > 0}. We
have that:

P (W (1)(X1) ≥ 0, . . . ,W (n0)(Xn0) ≥ 0,W (n0+1)(Xn0+1) < 0, . . . ,W (n0+n1)(Xn0+n1) < 0,A)

= P (X1 − µ̂(1) ≥ 0, ν̂(1) ≥ 0, X2 − µ̂(2) ≥ 0, ν̂(2) ≥ 0, . . . , Xn0 − µ̂(n0) ≥ 0, ν̂(n0) ≥ 0,

µ̂(n0+1) −Xn0+1 ≥ 0, ν̂(n0+1) ≥ 0, . . . , µ̂(n0+n1) −Xn0+n1 ≥ 0, ν̂(n0+n1) ≥ 0,A)

+ P (X1 − µ̂(1) < 0, ν̂(1) < 0, X2 − µ̂(2) ≥ 0, ν̂(2) ≥ 0, . . . , Xn0 − µ̂(n0) ≥ 0, ν̂(n0) ≥ 0,

µ̂(n0+1) −Xn0+1 ≥ 0, ν̂(n0+1) ≥ 0, . . . , µ̂(n0+n1) −Xn0+n1 ≥ 0, ν̂(n0+n1) ≥ 0,A)

...

+ P (X1 − µ̂(1) < 0, ν̂(1) < 0, X2 − µ̂(2) < 0, ν̂(2) < 0, . . . , Xn0 − µ̂(n0) < 0, ν̂(n0) < 0,

µ̂(n0+1) −Xn0+1 < 0, ν̂(n0+1) < 0, . . . , µ̂(n0+n1) −Xn0+n1 < 0, ν̂(n0+n1) < 0,A)

where in fact the total number of joint probabilities that should be computed is 2n02n1 . Simplification by
grouping repeated probabilities results in:

P (ε̂l = 0) =
n0∑

m=0

n1∑

n=0

(
n0

m

)(
n1

n

)
P (Z1,m,n ≥ 0)

where Z1,m,n = Em,nZ1 in which matrix Z1 = AX − c where c is determined as follows:

c =





0
...
0
2a
−2b





(2n0+2n1+3)×1

(60)

and X = [X1, . . . , Xn0+n1 ] and A is:

A =





A1

A2

A3

A4

A5





(2n0+2n1+3)×(n0+n1)

(61)

where

A1 =





2(1− 1
n0

) − 1
n0

. . . − 1
n0

−( 1
n1
− 1

n0n1
) . . . −( 1

n1
− 1

n0n1
)

− 1
n0

2(1− 1
n0

) . . . − 1
n0

−( 1
n1
− 1

n0n1
) . . . −( 1

n1
− 1

n0n1
)

...
...

. . .
...

...
− 1

n0
− 1

n0
. . . 2(1− 1

n0
) −( 1

n1
− 1

n0n1
) . . . −( 1

n1
− 1

n0n1
)





n0×(n0+n1)

(62)

31



A2 =





0 1
n0

. . . 1
n0

−( 1
n1
− 1

n0n1
) −( 1

n1
− 1

n0n1
) . . . −( 1

n1
− 1

n0n1
)

1
n0

0 . . . 1
n0

−( 1
n1
− 1

n0n1
) −( 1

n1
− 1

n0n1
) . . . −( 1

n1
− 1

n0n1
)

...
. . .

...
...

...
1

n0
. . . 1

n0
0 −( 1

n1
− 1

n0n1
) −( 1

n1
− 1

n0n1
) . . . −( 1

n1
− 1

n0n1
)





n0×(n0+n1)

(63)

A3 =





( 1
n0
− 1

n0n1
) . . . ( 1

n0
− 1

n0n1
) −2(1− 1

n1
) 1

n1
. . . 1

n1

( 1
n0
− 1

n0n1
) . . . ( 1

n0
− 1

n0n1
) 1

n1
−2(1− 1

n1
) . . . 1

n1
...

...
...

. . .
( 1

n0
− 1

n0n1
) . . . ( 1

n0
− 1

n0n1
) 1

n1
. . . 1

n1
−2(1− 1

n1
)





n1×(n0+n1)

(64)

A4 =





( 1
n0
− 1

n0n1
) . . . ( 1

n0
− 1

n0n1
) 0 − 1

n1
− 1

n1
. . . − 1

n1

( 1
n0
− 1

n0n1
) . . . ( 1

n0
− 1

n0n1
) − 1

n1
0 − 1

n1
. . . − 1

n1
...

...
...

. . .
( 1

n0
− 1

n0n1
) . . . ( 1

n0
− 1

n0n1
) − 1

n1
− 1

n1
. . . − 1

n1
0





n1×(n0+n1)

(65)

A5 =




1

n0
. . . 1

n0
− 1

n1
. . . − 1

n1
1

n0
. . . 1

n0

1
n1

. . . 1
n1−1

n0
. . . −1

n0

−1
n1

. . . −1
n1





3×(n0+n1)

. (66)

Therefore, Z1 is a Gaussian random vector, with mean µZ1 = AµX − c and covariance ΣZ = AΣXAT .
Substituting the values of µX = [µ01n0 , µ11n1 ]T and ΣX = diag(1n0 ,1n1) results in the values of µZ1 and
ΣZ1 stated in the Theorem. !
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