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Abstract

Discrete Classification problems are important in pattern recognition applications.
The most often used discrete classification rule is the discrete histogram rule. In this
letter we provide exact expressions for the correlation coefficient between the actual
error and the resubstitution and leave-one-out cross-validation error estimators for
the discrete histogram rule. We show with an example that correlations between
actual and estimated errors are generally poor, and that in fact leave-one-out cross-
validation can display negative correlation when sample sizes are small and classifier
complexity is large. We observe that correlation decreases with increasing classifier
complexity and increasing sample size does not necessarily produce an increase in
correlation. The exact expressions given here can be computed reasonably fast for
given sample size, dimensionality, and model parameters, which is useful because,
as also illustrated in this letter, Monte-Carlo approximations of the correlation
coefficient are generally poor, even at a large number of simulated data sets.
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1 Introduction

A full probabilistic understanding of the relationship between an error estimator and the
actual error of a sample-designed classifier rests with the joint distribution of the actual
and estimated errors relative to the sampling distribution for the underlying feature-label
distribution. While knowing the distribution of the error estimator is very important, it
alone does not give the complete description of the interaction between the error estimator
and the actual error. Of particular importance is the correlation between the actual and
estimator errors, which we will label by ¢, and &, respectively, where n is the size of the
sample. Since £, is used in place of ,, in classifier application, ideally we would like £,, and £,
to be perfectly correlated. In fact, as investigated via simulations in [Hanczar et al.(2007)],
they are often very poorly correlated. The effect of this lack of correlation can be seen by
considering the variance of the deviation &, — ¢,, which is given by

Var(é,, — e,) = Var(é,,) + Var(e,,) — 2p(é,, 5n)\/\/ar(én)\/ar(€n) (1)

where p is the correlation coefficient for €, and £,. A smaller correlation between error
estimator and actual error leads to a larger variance for the deviation and vice-versa. The
larger the deviation variance, the larger the root-mean-square (RMS) error between ¢,, and
€. If the sample is very large, then the variances of ¢, and &, tend to be small, so that
the deviation variance is small; however, when the sample is small, these variances tend to
be large, so that strong correlation is needed to offset these variances. Thus, the correlation
between the actual and estimated errors plays a vital role in assessing the goodness of the
error estimator.

In this letter we provide an exact representation for the correlation coefficient between the
actual error and the resubstitution and leave-one-out cross-validation error estimators for the
discrete histogram rule, also called multinomial discrimination [Devroye et al.(1996)], which
is important in many practical applications, particularly in medicine, economics, psychology
and social science [Goldstein and Dillon(1978)]. While other discrete classification rules of
practical significance exist (e.g., see [Asparoukhov and Krzanowski(2001), Celeux and Mkhadri(1992)]),
the discrete histogram rule is simple enough to allow the exact analytical study of its prop-
erties, while at the same time being able to illuminate issues related to classification in
general. The classical references on classification error for the discrete histogram rule con-

cern only the actual classification error, or the bias of the apparent, or resubstitution, error
[Hills(1966), Hills(1967), Hughes(1968), Hughes(1969), Glick(1973)].

In [Braga-Neto and Dougherty(2005)], the authors found analytical expressions for exact
calculation of the bias, variance and RMS of not only resubstitution, but also of the leave-
one-out cross-validation error estimator, for the discrete histogram rule. The authors also
described in [Braga-Neto and Dougherty(2005)] a complete enumeration method to com-
pute the marginal and joint sampling distributions of resubstitution and leave-one-out cross-
validation, with respect to the actual classification error; complete enumeration methods,
which have been wused extensively for discrete data analysis in statistics



[Agresti(1992), Verbeek(1985), Klotz(1966), Hirji et al.(1987)], rely on intensive computa-
tional power to list all possible configurations of data and their probabilities, and from
this to derive exact statistical properties of the methods of interest. Efficient computer al-
gorithms were discussed in [Braga-Neto and Dougherty(2005)] in order to implement the
proposed complete enumeration methods. In [Xu et al.(2006)], these results were extended
to the exact computation of confidence intervals and conditional bias.

In [Braga-Neto and Dougherty(2005)], we did not consider the problem of computing the
correlation between the resubstitution or leave-one-out cross-validation errors and the ac-
tual classification error. We do this in the present letter, by providing exact expressions for
the correlation coefficient, which are faster to compute than by complete enumeration. They
are also exact, providing an advantage over Monte-Carlo approximations, which are quite
inaccurate for the computation of the correlation coefficient. Not only will we see that the
resubstitution and leave-one-out cross-validation error estimators are generally poorly cor-
related with the actual error, but that it is even possible for leave-one-out cross-validation
to display negative correlation when sample sizes are small and classifier complexity is large,
exactly the situation in which strong correlation is needed to obtain useful estimates. In
general, we will see that the correlation decreases with increasing classifier complexity and
that increasing sample size does not produce a corresponding increase in correlation between
the actual and estimated errors.

2 Discrete Classification

Let Xy, X5,..., Xy be a set of quantized predictor random variables such that each X; is
quantized into a finite number b; of values, and let Y be a target random variable taking
values in {0,1,...,c— 1} (for simplicity, we assume ¢ = 2). Since the predictors as a group
take on values in a finite space of b = []%_, b; possible states and a bijection can be established
between this finite state-space and the sequence of integers 1,...,b, one can alternatively
and equivalently assume, without loss of generality, a single predictor variable X taking on
values in the set {1,...,b}. The value b is the total number of quantization levels, or the
number of “bins,” into which the data are categorized — this parameter provides a direct
measure of the complexity of discrete classification.

The discrete classification model is completely specified by the class prior probabilities ¢y =
P(Y =0), ¢y = P(Y = 1), and the class-conditional probabilities: p;, = P(X =i | Y = 0),
G =P(X=i|Y=1),fori=1,...,b, where cg+c; =1, >0 p; =1, and 30, ¢ = 1.
Let S, = {(X1,Y1),...(X,,Y,)} be an i.i.d. sample taken from this probability model, and
define the bin counts:

UZ' = Z[Xj:i[yj:(), izl,...,b,
L 2)
Vi = Z[Xj:i[szla i:1>"'7b>

j=1



where 14 is the usual indictor function for event A. Note that Ny = Zi’:l U; and N, = 2’:1 Vi
are the total number of samples in classes 0 and 1, respectively, with Ny + N; = n.

Given observed values U; = u; and V; = v;, for i = 1,....b, the discrete histogram classifica-
tion rule produces the discrete classifier given by

1, u; <wy

Yn(i) = Lyco = { . i=1,....b. (3)

0, otw

The classification error is given by

en = P(Y # ¢n(X))
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The resubstitution or apparent error estimator [Smith(1947)], in the case of the discrete
histogram rule, is given by

3 =

ilm )
> min{U. Vi) (5)

b
Yo (Uily<y, + Vilysy, ]

i=1
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while the leave-one-out cross-validation error estimator, wusually attributed to
[Lachenbruch and Mickey(1968)], is given in this case by

oY=
" (6)
Z Ui Ly,<v, + Vi Iy, >v,—1 |

S ~

S| 3\'—‘

~.
—_

where 1! is the classifier obtained when sample point (z;,y;) is deleted form the data. Note
from the above equations that the random variables U; and V;, for ¢ = 1, ..., b, are sufficient
statistics for determination of the actual, resubstitution, and leave-one-out cross-validation
erTors.



3 Correlation Between Actual and Estimated Errors

We provide in this section an exact representation for the correlation coefficients p(e,,, )
and p(en, &l) in terms of the random variables U; and V;, fori = 1,...,b.

It follows from (4), after some algebraic manipulation, that the variance of the actual error
can be written as

S

Var(e,) Z (c1¢i — copi) Var(IUi<Vi>
=1 (7)
+2 > (a1 — copi)(erqy — copy) Cov(lu,<vi Iy, <v;)

i<j
where
Var(Iy,<v;) = P(U; < Vi)[1 — P(U; < V})] @)
COV(IU¢<VNIU]-<VJ') = P(Uz < ‘/i; Uj < V}) — P(UZ < %)P(UJ < ‘/j),
in which
PU; < V) Z P(U =1)
k<l
9
PU <V, U; <V;) =Y PUi=kVi=1LU;j=rV;=5). (9)
k<l
r<s

The required probabilities can be computed by using the fact that the random vector
Uy, ..., U, Vi,..., V) is  jointly  multinomially  distributed with  parameters
(n, copi, - -, CoPy, C1G1,5 - - -, €1qp). This implies that (U;, V;) and (U;, V;, U;, V;) are also jointly
multinomially distributed, with parameters (n, cop;, c1¢;) and (n, cop;, ¢16i, copj, €14;), respec-
tively, so that

n ke
PUi=k,V;=1) = (k I n—k—l) (cops)* (c14:)' (1 —=cops—ergs)" "
P(UZ:]C,V;:Z,UJ :T,‘/} :S) =
n —k—l—r—s
(k [ r s n—k—l—r—s) (Copi)k(cl%)l(Copj)r(cl%)s(l_Copi_cl(Ji_COpj_cl%')n h :

(10)
Now, it follows from (5) that the variance of the resubstitution error estimator is given by:
1 b
Var(é;;) = ﬁ Z Var(Ui]UKVi) + Var(VZ-IUZ.ZVi) + QCOV(UZ'IUZ.<V“ V:i[UiZVi)
i=1
2 (11)
+ =2 |Cov(Uily, v, Uly,<v,) + Cov(Uily, v, Vily,sv,) +

1<j

Cov(Ujly,<v;, Viluzv,) + Cov(Vilyvi, Vilu,»v, )]



while the variance of the leave-one-out cross-validation error estimator follows from (6):

b

Var U[U <V) -+ Var(VIU >V;— 1) + ZCOV(U [U <V>V[U >V— 1)

12
Z {COV Uilv,<vi, Ujly,<v;) + Cov(Uily,<v;, Vilu;>v;-1) + 2
1<j

Cov(Ujly,<v,, Viluzv,1) + Cov(Vilusv, 1, Vilysv,1)] -

Exact expressions for the variances and covariances appearing in (11) and (12) can be readily
found using the probabilities in (10) — see the Appendix.

The covariance between actual and estimated errors is a quantity of fundamental interest
here. For resubstitution, it is given by

o 1
COV(€n,€n) = 5 Z Copi (COV<]U1-<VZ-7 Uj]Uj<Vj) + COV(IUZ-<V1-7 V]IUJZV])) + (13)
,J
C1q; (COV(IUizwa Uily,<v;) + Cov(Iy,>v;, VjIszvj))

while for leave-one-out cross-validation, it is given by:

R 1
COV(&n, 6}1) = ﬁ Z Copi (COV(IUi<V“ UjIU]-SVj) + COV(]U1-<VZ-7 V}'IU]'ZVJ-—D) + ( )
i, 14
C14; (COV<[U¢2V¢7 Uj[UjSVj) + COV(IUZ'EVN V}'[szvjfl))

(see the Appendix for the expressions for the covariances involved in these equations).

Having computed the quantities in eqs. (7), (11)—(14), for given n and b, and model parame-

ters ¢g, c1 = 1 —¢g, and p;, q;, for e = 1,...,b, one can find the exact correlation coefficients:
o Cov(en, &)
plen,€,) = - (15)
\/Var(en)\/ar(eg)
and o y
plenél) = —odintn) (16)
\/Var(gn)\/ar(éfl)
4 Examples

Figure 1 displays plots of the exact correlation between the actual error and the resubstitution
and leave-one-out cross-validation error estimators, obtained with the previous expressions.
Correlation is plotted versus sample size, for different bin sizes and probability models of
distinct difficulty, as determined by the optimal (Bayes) classification error, from easy (Bayes



error = 10%) to difficult (Bayes error = 40%). The bin sizes are selected to correspond
to the cases of 2,3,4, and 5 binary predictors. In this example, ¢g = ¢; = 0.5, and the
class-conditional distributions are parametric Zipf (power-law) distributions: p; = Ki~* and
¢ = Py—iy1, for i = 1,...,b, where the normalizing constant is given by K =[S0, i %]},
the parameter a > 0 is adjusted to give the desired target Bayes error. This is also the model
used in [Braga-Neto and Dougherty(2005)].

[Fig. 1 about here.]

We can observe that the correlation is generally low (below 0.3) in most cases. At small
and large classification difficulty, the behavior of the correlation is much more regular than
at intermediate difficulty models, both for resubstitution and leave-one-out cross-validation.
We can also observe that at small sample sizes, correlation for resubstitution is larger than
for leave-one-out cross-validation, with few exceptions. Correlation for leave-one-out cross-
validation is more sensitive to complexity of the classification rule, as measured by bin size;
it tends to decrease for larger bin size, and in one striking case, it becomes negative, at
the very small-sample situation of n = 20 and b = 32. This behavior of the correlation
precisely mirrors the behavior of the deviation variance Var(é! — ¢,), which is known to be
large for the cross-validation error estimator under complex models and small sample sizes
[Devroye et al.(1996), Braga-Neto and Dougherty(2004)], and is in complete accord with (1).

To try to understand further the correlation obtained for resubstitution and leave-one-out
cross-validation, it is useful to examine the joint sampling distribution of these error estima-
tors and the actual error. The exact joint distributions can be computed by the complete
enumeration method described in [Braga-Neto and Dougherty(2005)]. Figure 2 displays plots
of the exact joint distribution between the actual error and the resubstitution and leave-
one-out cross-validation error estimators, for a small-sample case, n = 20 and b = 8, and
probability models of intermediate difficulty (Bayes error = 20% and 30%) — these are the
same models used in connection with Figure 1. We can observe that the joint distribution for
resubstitution is much more compact than for leave-one-out cross-validation, which explains
in part its larger correlation in small-sample cases.

[Fig. 2 about here.]

The exact expressions for the correlation coefficient presented in this paper are also important
due to the poor accuracy displayed by the corresponding Monte-Carlo estimates. Figure 3
displays plots of the Monte-Carlo approximations of the correlation coefficient versus sample
size, for the model with Bayes error = 0.40 in Figure 1. Comparing the results in Figure 3
with the corresponding exact results in Figure 1, one observes that there is considerable
variance in the MC estimates, even at M =50000 simulated training data sets.

[Fig. 3 about here.]



Appendix

We give below the expressions necessary for the computation of equations (11)—(14).

For eq. (11),

Var(Uily,<v;) = E[UIy,<v,] — (E[Uily,<v;))°

2 )
=Y KPU =FkV,=1) — (Z kP(U; =k, :l))

k<l k<l

Var(Vily,sv;) = E[Viysv] — (B[Vily,svi))?
? (18)
= S PP =kVi=1) — | IPU =k Vi=1)
>l k>l

Cov(Uily,<v;, Vilu;>v;) = ElUiVily,<v.1u,>v.] — E[Uily,<v,|E[Vily,>v;]

(19)
= — (ZkP(Ui =k, V= l))(ZlP(Ui =k V= 1))

Cov(Uilv,<v;, Ujlu,<v,) = ElUUjly,<vlu,<v;] — ElUily,<v ] E[Uj Iy, <v;]

= > krP(U;i=FkV,=1LU; =1V, =5)— (ZkP(Ui:k,V;:l))<ZkP(Uj:k,Vj :l))

k<l k<l k<l
r<s

(20)
while COV(Ui[Ui<Vi; V;‘[szvj), COV(UjIUj<\/j, WIU’L’E%)’ and COV(V;IUiZV“ V}[szvj) are found
analogously as in (20).

Similarly, for eq. (12),

Var(Uply,<v;) = Y k*P(U; = -:l)—<Zk:P(UZ-:k,VZ-:l)> (21)

k<l k<l

k>1-1 k>1-1

Var(Vily,sv,—1) = Y. PPU =k V,=1) — ( o IPU; =k V= l)) (22)

Cov(Uily,<v,, Vilu>vi-1) =

= Y KPU = (ka »:l))(ZlP(Uizk:,V;:l))

1-1<k<l k<l k>1-1



Cov(Uily,<v;, Uly,<v;) =

= > krP(U;i=FkV,=1U; =1,V; =s) (ZkP -zl))(Zk:P(Uj:kz,Vj:l))

k<l k<l k<l
r<s

(24)
while COV(Ui]UiSVU‘/}IUjZVj—l)a COV(Uj]U]-S\/]wV;]UiZVi—l)a and COV(V;IUZ-ZVi—hV}IUjZVj—I)
are found analogously as in (24).

For eq. (13),

Cov(ly,<v,, Uilv,<v,) = ElUjly.<vlv,<v,] = Ellu,<v ] ElUjly, <v)]

25
=> rP(Ui=kV,=1LU;=rV;=35)—PU; < V) | Y_kP(U; =k, V; =1) (25)
k< k<l

When ¢ = j, this reduces to:
Cov(Iv,<v;, Uily,<v,) = ElUily,<v;] — Elly,<v; ] E[Uily,<v]

= [1 = P(U; < V)| E[U;Iy,<v;]

— P(U, > V) (ZkP k,V; = z))

k<l

(26)

The covariances Cov([y,<v;, Vily,>v;), Cov(ly,>v;, Ujly,<v;), and Cov(Iy,>v;, VlIy,>v,) are
found analogously as in (25) and (26).

Similarly, for eq. (14),

Cov(Iv,<v;, Ujly,<v,) = ElUily,<vidv,<v;] — Ellv,<v ] E[Ujly, <v;]

p
— S rPU; =k Vi=1L,Uj =7, V; = s) = P(U; < V}) | S kP(U; = k,V; = 1) (27)
kél k<l

When ¢ = j, this reduces to:

Cov(ly,<v;, Uily,<v;) = ElUily,<v;] — E[ly,<v;] E[Uily,<v;]

= (ZkP(UZ-—k’,Vi—Z)) PU; <V;) (ZkP —k,%—k))

k<l k<l
(28)
The covariances COV(IUZ-<V¢;V}IUJ-2V}—1); COV(IUZ.ZV;,UjIUjSVj), and COV(IUiZV;;‘/jIUjZV}—1>
are found analogously as in (27).

Note that, for computational efficiency, one can precompute and store many of the terms
in the formulas above, such as P(U; < V;), E[U;Iy,<v;], E[Vily,<v;], and so forth, and reuse



them multiple times in the calculations.
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Fig. 2. Exact joint distribution between the actual error and the resubstitution and leave-one-out
cross-validation error estimators, for n = 20 and b = 8, and probability models of intermediate
difficulty, as determined by the Bayes classification error.
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Fig. 3. Monte-Carlo approximation of the correlation between the actual error and the resubstitu-
tion and leave-one-out cross-validation error estimators versus sample size, for different bin sizes,
corresponding to the model with Bayes error = 0.40 in Figure 1, using different numbers M of
simulated data sets.
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