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Abstract
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I. INTRODUCTION

Linear discriminant analysis (LDA) has a long history in pattern recognition. It originated with an idea
from R. Fisher (the “Fisher discriminant™) [1], [2], and was afterwards developed by A. Wald [3] and T.W.
Anderson [4]. LDA is written down in terms of the ”Anderson statistic” W. There is a large amount
of work on obtaining exact, asymptotic or empirical expressions for the distribution of this statistic,
which leads to the determination of the expected true error of misclassification by LDA and its variants.
For comprehensive reviews of these results, the reader is referred to [5] and [6].The LDA classification
rule is consistent for Gaussian classes with the same covariance matrix; however, the true error rate of
LDA depends on the actual parameters of the underlying Gaussian distributions of classes. Since these
are generally unknown in practice, the error has to be estimated from the data. Epistemologically, model
validty depends on the distance between the true error and the estimated error. In this regard, performance
of error estimators is widely based on the bias, variance and root-mean square (RMS) error, the latter
combining bias and variance in a single criterion.

Historically, there has been significant study of the moments of error estimators for different classifi-
cation rules [7]-[15]. Most of this work has concentrated on the first two moments of resubstitution for
LDA in the Gaussian model. In a recent paper, we have found the joint distribution between the true error
and both the resubstitution and leave-one-out estimators for LDA in the Gaussian model with common
known covariance matrix [16]. Here, we obtain, for the first time, analytic expressions for first and second
moments of leave-one-out and, more importantly from the perspective of model validity, the second
mixed moment between the true error and both resubstitution and leave-one-out for LDA in the same
model, which facilitates analytical expression of the RMS. We derive asymptotically exact expressions by
employing the Raudys-Kolmogorov double asymptotic approach, where both dimensionality and sample
size approach infinity, while their linear ratio approaches a constant [17], [18]; this is justified by the
fact that a linear ratio between dimensionality and sample size characterize the performance of linear
classifiers both in Vapnik-Chervonenkis theory [35] and in empirical studies [45]. It is also assumed
that the Mahalanobis distance between the classes, which is related in one-to-one fashion to the Bayes
error (classification difficulty), is kept constant as dimensionality approach infinity, as one wants to
examine error estimation performance as a function of fixed, but arbitrary, classification difficulty. Such
an approach has been used before to obtain asymptotically-exact expressions for the first moment of
actual and estimated (resubstitution) errors for LDA [18]—[21], whereas here we propose for the first

time an extension of this approach to obtain asymptotically-exact expressions for the second moments
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of actual and estimated (resubstitution and leave-one-out) errors as well as their cross-moments. The
resulting approximations obtained are shown to be accurate in small-sample situations by means of
numerical experiments. The approach we follow is to obtain Gaussian approximations based on the
double asymptotic method. These expressions are simple to compute and accurate even in small sample
cases. We will refer to the double asymptotic distribution of the linear discriminant used for classification
of the sample point x, denoted by W (x), as a “first-order” analysis, since this is applied to obtain exact
asymptotic expressions for the first-order moment of the actual and estimated errors. A novel aspect of
this paper is that we also examine the double asymptotic joint distribution of the pair of random variables
(W (x),W(x')), which we term a “second-order” analysis, as those results are applied to obtain exact
asymptotic expressions for the second-order and cross-moments of the actual and estimated errors.

In recent years, biomarker design in high-throughput genomics has confronted the pattern recogntion
community with very small samples from which one wishes to design classifiers and estimate errors on the
same data. In such cases, asymptotic results regarding the convergence of error estimators for large sample
sizes are not relevant. We require performance analysis based on sample size. In particular, we would
like performance (RMS) bounds dependent on sample size that would allow us to determine a minimal
sample size to achieve a desired level of error-estimation accuracy, which translates into a measure of
the validity of the classifier model [22]. Indeed, our motivation for undertaking these kinds of studies
has been to statistically characterize model validity in genomic classification, which is a major aspect of
genomic signal processing [23]. Linear classification is the obvious first place to start, owing to its long
history in pattern recognition and its suitability for small-sample classification. The latter is perhaps the
reason that LDA-based classification and recognition systems have found a broad range of applications
in many disciplines such as speech recognition [24], face recognition [25], texture classification [26],
cancer classification [27], [28] and many more [29].

This paper is organized as follows. Section II reviews LDA classification and error estimation, while
Section III discusses first and second-order performance criteria for error estimation. From this point
on, the paper focusses its attention of resubstitution and leave-one-out error estimation. Section IV
investigates what we call the “first-order” double-asymptotic approximations (i.e., double-asymptotic
approximations to first-order moments of actual error and error estimator distributions), highlighting
the classical results known from S. Raudys’ work, as well as proposing additional approximations and
providing proofs of the asymptotic exactness of all approximations. Section V presents the novel “second-
order” analysis of double-asymptotic approximations (i.e., double-asymptotic approximations to second-

order moments of actual error and error estimator distributions), which allows one to derive the second-
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order performance criteria of variance and RMS of error estimators; all proposed approximations are
proved to be asymptotically exact, and are demonstrated with a simple numerical example. Section VI
discusses the double asymptotic limit of bias, variance and RMS. Section VII presents analytical RMS
bounds that follow from the previous theory, sample size calculations, and a numerical example involving

gene-expression classification. Section VIII concludes the paper. Proofs are in the Appendix.

II. LINEAR DISCRIMINANT ANALYSIS AND ERROR ESTIMATION

Consider a set of n = ng 4+ n; independent and identically-distributed training samples in RP, where

X1,X2,...,Xn, come from population IIg and Xy 41, Xn,+2,--- ;Xng+n, come from population II;.

0

Population II; is assumed to follow a multivariate Gaussian distribution N (u;, X), for ¢ = 0, 1. Linear

Discriminant Analysis (LDA) employs Anderson’s W statistic, given by

- \T
X0+ X
W (%o, %1,X) = (x - 0;1) > (%0 — %1) (1)
where Xy = nio Yo x; and X1 = n% Z?:"Zﬁl x; are the sample means for each class. The designed

LDA classifier is given by
(x) = 1, if W(xo,%1,x) <0 7 @)
0, if W(xg,%x1,x) >0
that is, the sign of W determines the classification of the sample point x. Here, following for example
[30]-[32], we are assuming that the covariance matrix 3 is known and fixed; in particular, the W statistic
is not a function of the sample covariance matrix 3. In practice, however, if 3 is not known, then )
may be plugged in as an estimator of 3 in the expressions that are derived in what follows, which can

and often does produce useful results, unless the sample size is very small.

Given the training data .S,, (and thus Xo and X;), the classification error is given by
EZP(W()ZU, X1, X) <0,x €1l | X0, )21)—|—P(W()20, X1, X) >0,xelly ‘ X0, il) =Qp€gt+ i€ (3)

where a; = P(x € II;) is the a-priori mixing probability for population II;, and ¢; is the error rate

specific to population II;, with
eo=P(W(xg,%x1,%x) <0 |x € Ilp,xg,%x1) and ¢e;=P(W(xg,X1,%x)>0|x € Il1,X0,X1). 4)

The resubstitution error estimator [33], is given by

R 1 o Nno+n1 o o
&= ZI{W(io,il,xf)SO} + Z Liw (0,%1,x:)>01 | = Go€g + a1éf (5)
1=1 i=no+1
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where 14 is the indicator variable for event A, &; = n;/n is the empirical mixing frequency for population

IT;, and €/ is the apparent error rate specific to population II;, with

no+n1
€ = ZI{W(xg,xl,x,)<0} and ¢ = - Z Tiw (x,%1,%,) >0} - (6)
=1 1=no+1

The leave-one-out error estimator [34] for the LDA classification rule is given by

1 no+n1
¢! I I = Goéh + G1é 7
€ {W ) (%o,%1,%:)<0} T (WO (%0,%1,%:)>0} | = Qo€ + Q€ @)
i=1 i=no+1

where W (9 is the discriminant obtained when sample x; is left out of training, &; is defined as before,

and éé is the leave-one-out error rate specific to population II;, with

no+n1
.l
& = ZL{I/I/u)(xo,x1 x)<o} and €& = . Z Tiw ) (%,%1,%:)>0) - ®)
i=1 i=ng+1

III. CRITERIA FOR PERFORMANCE OF ERROR ESTIMATION

The widely-adopted metrics for performance of an error estimator € of the actual classifier error € are
the bias, deviation variance, and RMS, given by
Bias[¢] = E[é] — Ele],
Vard[é] = Var(é — €¢) = Var(e) + Var(é) — 2Cov(e, €) , )]
RMS[¢] = VE[(e — ¢)?] = /E[e?] + E[é?] — 2E]eé],

respectively. The bias and the deviation variance measure the average centrality and dispersion of the
error estimator in relation to the actual error, respectively. The resubstitution error estimator generally has
small variance but is often optimistically biased, whereas the the leave-one-out error estimator is nearly

unbiased, but generally has large variance (see [35, Chapters 23,24] and references therein). The RMS

combines these two complementary criteria into a single metric: RMS|[é \/ Bias|€]? + Varg|e].

The bias, variance, and RMS can be obtained from the first moments F [e] and E[é], the second moments
E[€%] and E[¢?], and the cross moment E[eé]. In this section, we write down these moments in terms of
probabilities involving the discriminant W (Xg,X1,x). These hold in general, not just for the Gaussian
model. We will write all equations for the resubstitution estimator; the corresponding equations for the
leave-one-out estimator can be obtained by replacing W (X, X1, x;) by w @) (X0, X1,X;) throughout.

From (3) and (4), the first moment of the actual error is given by

E[G]:aoE[60]+a1E[€1]:aop(W(}_{(),}_(l,X) <0 ’ XEHo)-l-OélP(W(}_{(),)_(l,X) >0 | X€H1) (10)
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For the second moments of the actual error, it follows immediately from Therem 24.2 in [35] that
E[EQ] = F [(04060 =+ alel)z] = Oé%E[Eoeo} + 20&00&1E[6061] =+ a%E[elel] (11)

and Elepeg) = P(W(xo,%x1,x) <0,W(%0,%1,x') <0 | x,x" €1Ily), with similar expressions for the

other terms in (11), namely Elege;] and Ele'e;]. In all,
E[EQ] = a%P(W(io,il,x) <0, W(f(o,fq,x/) <0 ‘ X,X, S Ho)
+ 2091 P(W (%0, X1, %) < 0, W (X0, %1,x') >0 | x € Ty, x" € IIy) (12)

+ a3 P(W (%o, %1,%x) > 0, W (%o, X1,x') > 0] x,x € I))

From (5) and (6), for resubstitution we have
E[€r] :doE[€g] -+ &1E[€{] :&OP(W(}_(LU, X1, Xl) < 0) + dlp(W()_(o, X1, Xn0+1) > 0) (13)

The corresponding equation for leave-one-out is obtained by replacing W (X¢, X1, x1) and W (Xo, X1, Xpy+1)
by W(l)()_co,fq,xl) and W("0+1)(i0,i1,xn0+1), respectively. Note that W(l)(io,il,xl) is distributed
as W'(x{,x1,x) conditioned on x € Iy, where W’ and X’ are the usual W and X in the case where
there are ng — 1 samples in class 0 and n; samples in class 1. An analogous comment applies to
Wt (%4, %1, Xy 11). By virtue of (10), this leads to E[é!] = Ele,_1], if &; = oy, for i = 0, 1.
Using (5) and (6), we can extend these results to resubsitution. The second moment is given by
?jP(W(ig,il,xl) <0)+ — P(W(xg,X1,Xpy+1) > 0)
+ a3 L P (%0, %1, %1) < 0, W (%0, %1, %2) < 0) .
anp—1

tar— - P(W(X0,%1,Xn+1) > 0, W(Xo, X1, Xpo+2) > 0)

B[] =

+ 2@0@1P(W(i0, X1, Xl) <0, W(f(o, X1, Xn0+1) > 0)
From (3) and (5), we obtain the mixed moment
Eleé"] = apapFEleoéy] + apdi Elepé] ] + ardoEle1€)] + aré Eler€]] (15)

It follows from (4) and (6) that E[e’¢f] = P(W (%o, %1,x) <0, W (X0,%X1,%x1) <0 | x €Ip). Similar
expressions hold for the other terms in (15), namely E[egé]], E[e1€5], and Ele!é]]. In all,
Ele¢"] = apgboP (W (X9,%1,%x) < 0, W(X0,%X1,%x1) < 0| x € Ip)
+ apdy P(W(xo,%x1,%x) < 0, W (X0, X1,Xp,+1) > 0 | x € Ilp) .
+ a160P(W(x0,%1,x) > 0, W (X0,X1,%x1) < 0| x €II)) o

+ aléélP(W(io,il,X) > O,W(io,il,xn0+1) >0 | X € Hl)
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I'V. FIRST-ORDER DOUBLE ASYMPTOTIC ANALYSIS

Most asymptotic theory treats the behavior of a statistic as the sample size goes to infinity, for fixed
dimensionality and number of parameters. The double asymptotic method, conceived independently by
S. Raudys and A. Kolmogorov [17], [36] in 1967, considers the behavior of a statistic as both sample
size and dimensionality (or, more generally, number of parameters) increase to infinity in a controlled
fashion, where the ratio between sample size and dimensionality converges to a finite constant [17]-
[19], [36]-[39]. This “increasing dimension limit” is also known, in the Machine Learning literature,
as the “thermodynamic limit” [36], [40]. Via the double asymptotic approach, one may characterize the
asymptotic behavior of the classification error as sample size, n, and dimensionality, p, increase, and n
is a fixed number of times larger than p. The finite-sample approximations obtained via these asymptotic

expressions have been shown to be remarkably accurate in small-sample cases [41], [42].

A. Previous Work

In [18], Raudys proposed an approximation to the expected actual classification error:

E[W (x0,%1,%) | x € I] ) (17)

FElegl = PW(Xp,%1,x) <0 |x€lly) =~ & | —
o] = POV (X0, %1, %) < 0] x € Tho) ( /Var(W (%0, %1, %) | x € 1)

in which ®(.) is the standard normal cumulative function. To obtain the corresponding approximation to
E[e1], modify the argument of ® by replacing Il by II; and multiplying by —1. If ng = n; = n, then
Ele] = Eleg] = Ele1]. Using (17) in this case, Raudys obtained the approximation [43]:

0 1

ERVERIE I TR
n no? n24?

where 62 = (pg — p11)T 27 (o — p11). In [36], Raudys pointed out, without exhibiting an explicit proof,

(18)

Ele] = @

that this approximation is asymptotically exact under the double asymptotic condition n — oo, p — o0,

n/p — constant. Under these conditions, the following asymptotically-equivalent approximation results:

Ele] = @ N (19)

21+ 2
To obtain the approximation for the expectation of resubstitution, modify (17) by replacing x by x;:
EW (%0, X1,%1)] )

- 20
\/Var(W (%o, %1,%1)) ()

E[ég] == P(W()_co,fq,xl) S O) ~ ® (
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To obtain the corresponding approximation to E[é]], modify the argument of ® by replacing x; by Xy, +1

T

and multiply by —1. If ng = n; = n, then E[é"] = E[¢j] = E[é{], and (20) yields the approximation

L+ o
Ef¢"] = ® CH A 1)

This expression is equivalent to the one published by Raudys in [21], [36], under the double asymptotic
condition n — oo, p — o0, n/p — constant, namely:

Ele"] = @ <—g 14 351)2> (22)

We will prove in the following subsections that all the approximations discussed above are asymp-

totically exact, as ngp — oo, nj — 00, p — 00, p/ng — Ao, p/n1 — A1. Serdobolskii calls these

“Kolmogorov asymptotic conditions” in [17]; but since the first paper to employ this approach is due to

S. Raudys [43], we prefer to call these “Raudys-Kolmogorov asymptotic conditions.” In what follows, we

ER]

will denote convergence in probability under Raudys-Kolmogorov asymptotic conditions by “ pklim
No,M1, P—00

Similarly, “n 7lgliga OO” and “%” will denote ordinary convergence under the Raudys-Kolmogorov asymp-
0,M1, P—
totic conditions. These limits are referred in the paper as “Raudys-Kolmogorov limits.”

While the limiting linear ratio conditions p/ng — Ao and p/n; — A; impose a theoretical constraint on
the results, they are quite natural from two practical perspectives. First, the ratio of dimension to sample
size serves a measure of complexity for the LDA classification rule (in fact, any linear classification
rule): in this case, the VC dimension is p+ 1 [35], so that p/n, where n = ng + ni, gives the asymptotic
relationship between VC dimension and the sample size. In addition, for LDA with known covariance
matrix, under the assumption that ng = ny, it has long been known that, if the features contribute equally
to the Mahalanobis distance, then the optimal number of features is popt = n — 1, so that choosing
the optimal number of features leads to p/nj; — constant, for &k = 0,1 [44]. A linear relation between
the optimal number of features and the sample size has also been observed empirically in more general
settings: assuming a blocked covariance matrix with identical off-diagonal correlation coefficient p and
with the covariance matrix unknown in the classifier design, empirical linear relationships have been
observed, for instance, with p = 0.125, one has popt ~ n /3, whereas with p = 0.5, one has Popt = 1/25
[45]. Therefore, the stronger non-limiting constraints, p/ng = \g and p/n; = A\, would still be relevant
from a practical perspective, even though here we only require that p/ny — Ao and p/n; — A\

For simplifying the notations, the following functions are defined that will be used throughout the
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paper:
1 p /1 1 p (1 1 9 9
e 362 =\/1+—+5 | —+— a0 \ o975 3101, a5 = 5100, 75
fo(no,n1,p,6°) \/ +n1+62 <n0+n1>+252 <n3+n%> f1(no,n1.p,6%) = fo(n1,n0,p,6°%)
(23)
1 p/1 1 p (1 1 9 9
pot)= [T+ 8 () D (- n1.0.6%) = go (m.m0.0.0
g0(no,n1,p,6%) \/ +n1+52 <n0+n1>+2(52 <n% n%) 91 (no,n1,p,6%) = go (n1,m0,p,6°)
B. Actual Classification Error
Define a family of Gaussian discrimination problems by a set of parameter and sample sizes:
(/j’p,()a/’tp,lazpvnp,o:np,l)7 b= 1727"‘7 (24)

where the means and covariance matrix are arbitrary except that the Mahalanobis distance, defined as

o= \/ (1p.0—t1p.1)Zp (1.0 —pp.1), is kept constant as dimensionality approaches infinity (with slightly
more work, this condition can be relaxed to a varying Mahalanobis distance converging to a constant §
as p — o0, as in [19]). Either condition is justified by the fact that one wants to examine error estimation
behavior as a function of fixed, but arbitrary, ¢, i.e. Bayes error (classification difficulty). For notational
ease, we will omit the subscript “p” from the parameters and sample sizes in (24).

The assumption that the covariance matrix X is known simplifies the analysis, eliminating the need

for many of the regularity conditions required by Serdobolskii in [17]. Let
Gz‘ :E[W(}_{(),}_(l,x) ‘ }_Co,il,XEHi] s Di:Var(W(io,il,x) | )_(o,il,XEHi) (25)
for ¢ = 0, 1. Then the population-specific classification errors are given by:

m=@<—G9>7€r=©<G}> 26)
Dy v D1

Theorem 1: Consider the sequence of Gaussian discrimination problems defined by (24). Then

. : —Go . . G1 >
klim Flegl= pklim ¢g=® | — |, klim Fle1]= pklim 1= ( — 27
o, M1, P00 [co] no,%hpﬂooo <VD> Mo,M1, P00 @l noglhpﬂool (\/D &7
so that
. . Go G )
klim FEle] = pklim € = @ | —= | + a1 ® | ——= 28
No,N1, p—00 [] nOBLl,pHoo 0 < VD> ' (VD ( )
where ) A 1, 5,
Gy = klim E[GQ] = *(5 + A = )\0) ,
No,MN1, p—00 2
A 1
Gy = Kim E[Gi] = —=(6*+ X0 — A1), (29)
No,N1, P—00 2
D = klim E[Dg] = klim E[Di] = 6>+ X+ )\
No,N1, p—00 No,N1, p—00
Proof: See Appendix. [ ]
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(28) is equivalent to the specialization of Deev’s formula [36] to the case of known covariance matrix.

Theorem 1 suggests the following finite-sample approximation:

Eleg] = @ fLGYO] = <I><
E[Dy]

E[W (%0,%1,%) | x € Ly ) (30)

B \/E[Var(W(io,il,x) ‘ X0,X1,X € Ho)]

To obtain the corresponding approximation to E[e;], it suffices to replace Go by G1, Dy by Dy, and I,
by II;, and multiply the argument of both ® functions by —1. Evaluating the expectation in the numerator

and denominator of (30) yields

Eleg) = —2\/ (1 1) 3D
L+ 3 (o T

with the corresponding approximation for Ee;] obtained by simply exchanging ng and n;. This approxi-

mation is asymptotically exact, as shown by Theorem 1. However, in the case ng = n; = n, (31) reduces
to (19) and not (18). The reason is that, if one compares (30) to Raudys’ formula (17), one observes that

the denominators differ by the term:

Var[E(W(S(O,)_q,x) | X0,X1,X € Ho)] =

2 p pow (32)
Var(W(ig,il,X) ’ XEHo)—E[Var(W(io,il,X) ‘ io,il,XEHo)]:nfl—Fﬁ‘i‘ﬁ —0
0 1

Hence, the finite-sample approximations obtained by (17) and (30) differ, but are asymptotically equiv-
alent. By Theorem 1, this also proves that Raudy’s approximation (18) is indeed asymptotically exact.
For moderate ng/p and ny/p, (32) becomes close to zero, and (17) and (30) yield very similar values.
The next expression is the finite-sample approximation obtained with Raudys’ formula (17) in the
general case ng # ni, which has not been available before:
51+ 5 (5 -4)
2 fo(no,n1,p,62)

which of course reduces to (18) when ng = ny = n. If we remove the terms which tend to zero under

Eleg) = @ 33)

Raudys-Kolmogorov asymptotic conditions, then (33) becomes:
1 1
s 1+E(E-3)

2
Jred (e d)

i.e., the same as (31), which reduces to (19) when ng = n; = n. Also notice that (34) corresponds to

Eleg) = @ (34)

replacing \g by p/ng and A1 by p/n; in (27), as it should. To obtain the corresponding approximations

for Ele1], it suffices to exchange ng and n; in (33) and (34).
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C. Resubstitution Error Estimator
Consider the expectation of the resubstitution error estimator E[é"]. Let
€f = P(W(%o,%1,x1) <0|X,%1) and € = P(W(Xo,X1,Xno+1) > 0| Xo,X1) (35)

Note that €, is different from the class-specific resubstitution error €, for 7 = 0, 1. However, it is clear

that Ele]] = E[¢]], for i = 0, 1. In particular,

E[e"] = aoEle]] + n Ble]]. 56)
Let ég)" = [W(}_(o,)_(hxl) ’3’_{0:7_(1] )
G = E[W(Xo,%1,Xne+1) | X0, X1] (37)
Di = Var(W(xo,%1,x1) | X0,%1) ,
Di = Var(W (%o, X1, Xno41) | X0,%1) -
Then
GG e G @8
Dy Dy

Theorem 2: Consider the sequence of Gaussian discrimination problems defined by (24). Then

klim FE[é"]= klim FE[é¢j]= klim FE[¢[]= pklim e;= pklim ef—<I><_G> (39)

ng,N1, P— 00 Ng,N1, P—00 No,M1, P—00 Ngo,N1, P—00 TNo,M1, P—00 \/E
where 1
G = Kim E[G]] = - Kim E[G]] = =(6%+ X+ \1)
n07n17p_>oo n03n17p_)oo 2
(40)
D = klim E[DJ] = klim E[DJ] = 62+ X+ X\
Nno,Mn1, pP—00 No,M1, P—00
Proof: See Appendix. [ ]

Theorem 2 suggests the following finite-sample approximation:

e~ 0| EG Y\ q)( E[W (%0, %1, %1)] > @

E[D{] B V E[Var(W (X0, X1, %1) | Xo,X1)]

To obtain the corresponding approximation to E[é{], it suffices to replace G’g by G{ , D({ by Dl’" , and
x1 by xp,+1, and multiply the argument of both & functions by —1. Evaluating the expectation in the

numerator and denominator of (41) yields

(42)

_L 1+p<1+1>
9 /1_%0 52 no ni
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with the corresponding approximation for E[é{] obtained by exchanging ny and n;. Theorem 2 shows

this approximation is asymptotically exact. If ng = n; = n, then (42) reduces to

. g [, | 2p
Eefl = | ————1/1+ — 43
[60} 2\/1_7l +n52 ( )

which is not the same as (21) or (22). Once again, the reason is that, if one compares (41) to Raudys’

formula (20), one observes that the denominators differ by the term:

Var[E(W(io,il,xl) ’ )‘(g,)‘(l]:Var(W(io,il,xl))—E[Var(W(imil,xl) | )_(0,)_(1]

1 1 1 1\?
:52(+)+p<+> L)
no ni 2 no n1

Hence, the finite-sample approximations obtained by (20) and (41) differ, but are asymptotically equiva-

(44)

lent. Furthermore, both are asymptotically equivalent to (22). Incidentally, this proves that both (21) and
(22) are asymptotically exact. For moderate values of ng, n1, ng/p, and n;/p, the term (44) becomes
close to zero, and in fact all three approximations give very similar results.
The next expression is the finite-sample approximation obtained with Raudys’ formula (20) in the
general case ng # ni, which has not been available before:
s1+% (£+2)

Elé)] = @
[60] 2 gO(n[)anhpa(sg)

(45)

which of course reduces to (21) when ng = n; = n. To obtain the corresponding approximation for
Eley), it suffices to exchange ng and n; in (45). If we remove the terms which tend to zero under

Raudys-Kolmogorov asymptotic conditions, then (45) and (42) both become:

ar a1 e 1) 1 1
Ee) = El&) = ) = (—2 \/1+ L+ n)) (46)

which reduces to (22) when ng = n; = n. Also notice that (46) corresponds to replacing Ay by p/ng

and A; by p/n; in (39), as it should.

D. Leave-one-out Error Estimator

Because E|[él n,] = Eléin,—1], for i = 0,1, the expectation of the leave-one-out error estimator can be

obtained by using the results of Section IV-B, while replacing «; by &; and n; by n; — 1, for ¢ = 0, 1.
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V. SECOND-ORDER DOUBLE ASYMPTOTIC APPROXIMATION

Here we extend the double asymptotic method to obtain results for the double asymptotic joint
distribution of the pair of random variables (W (Xo,X1,x), W(Xo,X1,x’)), which allows one to obtain
finite-sample approximations to the second and cross moments of actual and estimated errors, and

therefore the bias, variance, and RMS performance measures.

A. Second-Order Approximations

We start by considering the entension of equations (17) and (20) to second moments. Consider the

standard bivariate Gaussian distribution function

1

(a,b; p) 7[))2) (mQ N 2pxy)} dx dy 47)

/ / 271'\/1—7 {
This corresponds to the distribution function of a joint bivariate Gaussian vector with zero means, unit
variances, and correlation coefficient p. Note that ®(a,00;p) = ®(a) and ®(a,b;0) = ®(a)P(b). For
simplicity of notation, we write ®(a,a;p) as ®(a;p). The rectangular-area probabilities involving any

jointly Gaussian pair of variables (x,y) can be written in terms of ®:

e d—
P(wéc,ySd)=<I><c“’”, ”y;pxy) (48)
Oy oy
where i, = Elz], py, = Ely|, 0, = \/Var(z), oy = /Var(y), and p,, is the correlation coefficient

between x and y. Using (48), we obtain the second-order extension of Raudys’ formula (17):

Eleg] = P(W(x0,%1,%) < 0,W(%0,%1,%) <0[x,x" €Tlp) =

B E[W(io,il,x) ‘ X € Ho} ) COV(W(}Zo,f(l,X), W(io,il,x’) ’ X,X/ € HQ) (49)
V/Var(W (%o, %1,x) [ x € o)’ Var(W (%o, %1,%) | x € Io)

In the general case ng # ni, evaluation of the terms in (49) yields

1 1 1
slta (a‘a) e <F+F>
Eled] = & | -—= : U (50)
[ 0] 2 fO(nOan17p752) fo (n07n17p762)

Equation (50) is the second-order extension of (33). Similarly, it can be shown that
11 1
5 1+E () 51+y(a—a>
2 fO(nO,nlap>52) 2 fl (n07n1?p762)

E[eoel}rﬂb (51)

The corresponding approximation for E[e?] is obtained from El[e2] by exchanging ng and n.
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A key fact is that by removing the terms that tend to zero under Raudys-Kolmogorov asymptotic condi-
tions the covariance term in (50) becomes zero, and the pair of random variables (W (X, X1, x), W (X0, X1,X’))

become independent. ThlS Suggests the approximation
] p 1 1

2
N

Equation (52) is simply the square of the approximation (34). The corresponding approximations for

2

El] = |® (52)

El[eoe1] and E[e?] are obtained similarly.
To obtain the approximation for the second moment of the resubstitution error, (49) is modified by
replacing x and x’ by x; and xo, respectively:
E[(€5)%] = P(W(%o,%1,%x1) < 0, W (X0, %1,%2) < 0)

- E[W (%o, X1, X1)] 'COV(W(}_((),}_Cl,Xl),W(}_Co,il,xg)) (53)
- Var(W (%o, %1,%1)) Var(W (%o, X1,%1))

In the general case ng # n1, (53) gives

1 1 11
s 1+& (n—+n—) ot (n——n—)
2 gO(”O»”laP,é ) ’ g(%(nOanlapa(SQ)

(54)

The corresponding approximation for E[(é7)?] is obtained from E[(é})?] by exchanging no and n.
Similarly, it can be shown that
2
1 1 1
s1+E (2+4) 51+% <—+m)' Lilad (L+%)
2 go(no,n1,p,6%) 2 g (no,n1,p,62) 790(”0,71171?,5 )91 (no,n1,p,6%)

Eelel] = @ (55)

Deleting terms tending to 0 under Raudys-Kolmogorov asymptotic conditions in (54) gives the ap-

2
N e

Equation (56) is simply the square of the approximation (46). The corresponding approximations for

proximation

E[éfel] and E[(é])?] are obtained similarly.
The approximation for the cross-moment between actual and resubstitution errors is

E[Eoég] = P(W(io,il,x) < O,W(io,fil,xl) <0 ‘ X € Ho) ~

\/Var(W(f((],il, ’ XGHO \/V&I‘ Xg,il,xl))’ \/Val‘(W(f((),)zl,X) | x € HO)\/Var(W(f(o,il,xl))

( —E[W(X0,X1,x) | x€lly] —E[W(X0,X1,x1)] = Cov(W(Xo,X1,x), W(Xo,X1,%1) | x € Ilp)
(57)

N——
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In the general case ng # n1, (57) gives

1 1 1 1 1
5§13 (i‘%) 513 (*Jrnl)' nr T o (E_Fg)

Elegel] = ® , : (58)
0 2 fO(n()anlapaé?) 2 gO(n()anl?pv(S) fO(n07n17p752)90(n07n17p752)
Similarly, it can be shown that
1 1 1 P 1 1
51+52 (*1—*0) 51+52 (70—’_ 1) ~ 1557 (T—T>
Eleoel]=® " o " 2 \m_ n (59)

2 fy (no,n1,p,6%) 2 g (no,n1,0,62) " fo (n07n17p75 )91 (no,n1,p,6%)
The corresponding approximations for E[e1€}], and E[e;é{] are obtained from Elegé[] and Elepéj] by
exchanging ng and ni, respectively .

Deleting terms tending to 0 under Raudys-Kolmogorov asymptotic conditions in (58) gives the ap-

p(1_ 1
Eleoél] = _g \;:fp(gl ">> i) <_5 \/1 + ; (1 + ;)) (60)

Equation (60) is simply the product of the approximations in (34) and (46). Corresponding approximations

proximation

for Elepé{], Ele1€]], and E[ei€]] are obtained similarly.
To obtain the approximation for the second moment of the leave-one-out error E[(€})2], (53) is modified
by replacing W (xg, X1,x1) by W(l)(io,il,xl) and W (Xg,X1,X2) by w® (X0,X1,x2). In the general

case ng # ni, this gives

R T 1 G e A Cha =)

: (61)
2 fO (no—l n17p>62) fg (n0_17n1>p752)

Exchanging ng and n in E[(¢})?] yields the corresponding approximation for E[(¢})?]. Similarly,

2
1 1 1
E[Al Al] P 1) 1+ 4 52 (*1 no—l) ) 1+52 <70 nl—l) = + + 262 <n70 + ni)
€€ , :
0€1 2f0 (no—l,m,p,52) 2 bil (no,m—l,p, ) fo (no—l,nl,p76 )f1 (no,nl—l,p,52)

(62)

Deleting terms tending to 0 under Raudys-Kolmogorov asymptotic conditions in (61) gives the ap-

proximation
2

“ 5 1+5% nilinol—l
Bl = |o|-2 =), 63)

2w+;g¢ﬂ+;)

Equation (63) is simply the square of the approximation (34), with ng replaced by ng — 1. The corre-

sponding approximations for E[é}é!] and E[(¢})?] are obtained similarly.
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The approximation for the cross-moment F[eoé}] between actual and leave-one-out errors is obtained
by replacing W (%o, %1, x1) by W (%¢,%1,x1) in (57). The corresponding approximations for E[eé}],

Ele1él], and E[e €] are entirely similar. When ng # ny, this gives

1 1 1 1 1 1 1
51t <7Tl_n7> 5 1+§%(ni_no—1> _ a*%(a*a)

Elepéeh] =@ [ —= y—= ;
[ 0] 2 fO(nOanlapa(SQ) 2 fO(n0_17n17p752) fO(n07n1)p752)f0(n0_17n17p752)
(64)
Similarly, it can be shown that
11 1 1 1 1 1
ot [ - g (o) s () w ot (- )
cé]~P [ —5 Y ;
! 2 fO (n07n1>p752) 2 fl (n07n1_]—ap762) fO(n07n17p752)f1 (n07n1_17p552)
(65)

The corresponding approximations for F[eél], and E[e;é!] are obtained from E[egé!] and E[eoél)] by
exchanging ng and ni, respectively .
Deleting terms tending to 0 under Raudys-Kolmogorov asymptotic conditions in (64) gives the ap-

proximation

= ¢l -3 (66)
\/1+g';(;0+;1) \/1+§‘;(n01_1+n11>

Equation (60) is simply the product of the approximations in (34) and itself with ng replaced by ng — 1.

1 1 1 1
oo | 1+ E (s - ) 5 1+ (E-)

The approximations for E[egé!], E[e1€l] and Efe;él] are obtained similarly.
We will prove in the following subsections that all the second-order approximations discussed above

are asymptotically exact under Raudys-Kolmogorov asymptotic conditions.

B. Actual Classification Error

Note that the populations specific errors satisfy

A 2 A A A 2
G G G G
@=|0|-——=|] e =0 || =], = | = (67)
D() Do Dl D 1
where G’i and lA)Z- were defined in (25). Using the results of Theorem 1, we obtain:
Theorem 3: Consider the sequence of Gaussian discrimination problems defined by (24). Then
klim Ele]= pklim €= |® =Go 2
No,M1, P00 0 ng,N1, P—00 0 \/B ’
G\
. 21 L2 L 68
i )= i = [o ()] o

klim FElege;] = pklim egeg = @ | —

)
Ng,N1, P—00 No,MN1, P—00 V DO \% Dl
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so that

2 2
. . . Go G1
klim Ele?] = klim € = ( klim E6> = [a P (—) + a1 P (>] 69
mope 1T = P = e V) T\

where GGy, G and D are the same as in (29).

Theorem 3 suggests the following finite-sample approximation:

2
__BlG | _ [q) (_ B[W (x0,%1,%) | x € Tl )
E[Dy] \/ E[Var(W (X0, %1, ) | X0, %1, € )]

2

El] = |® (70)

with similar approximations for E[ege1] and [¢2] derived from (68). These approximations are asymptoti-
cally exact, as shown by Theorem 3. Recalling (31), we see that (70) yields (52), showing that both (52)
and (50) are asymptotically exact under the Raudys-Kolmogorov limit. For moderate ng/p and n, /p, the
two approximations yield very similar results.

An asymptotically exact approximation to the full second moment E[e?] is obtained from (69) upon

replacing \g by p/ng and A\ by p/ni.

C. Resubstitution Error Estimator
In this section, we are interested in the second moment of the resubstitution error estimator E[(¢")?]

and the cross-moment with the actual classification error Efeé"]. Let
€0 = P(W(x0,%1,x1) <0, W (X0,X1,%x2) <0 | Xg,X1)
egr = P(W(Xo,%1,x1) <0, W (X0,X1,Xno+1) > 0| Xo,X1) (71)
€11 = P(W(X0,X1,Xpe41) > 0, W(X0,X1,Xne42) > 0| Xo,X1)

Note that E[(&})?] = Ele}y), E[€jél] = Elef,) and E[(¢])?] = E[e];]. From the representation of

E[(é™)?] given in (14), it follows that

~AT\2 d% r d% r A2n0_1 r Ain_l r AA r
E[(")"] = %E[ﬁo] + TTlE[El] + g TOE[EOO] + - Elef] + 2a0d1 Ele ] (72)

where €] and € are defined in (35). Let

H{ =Cov(W (%o, X1, %1 ),W (X0,%1,X2) | X0,%1)

H{y = Cov(W (%0,%1,%1),W (X0,%1,Xng11) | X0, %1) , (73)
HY = Cov(W (X0, X1, Xng+1), W (X0, X1, Xny12) | X0, %1)

Then A ) ) ) ) A A A A

€0 =P ——i 5}{5 , =20 Gi Hi , €1 =20 —Go '}AIJ Y M < <1

S
=)

b; Do VDg \/Dr P

(74)
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where G{ and ﬁf were defined in (37).

Theorem 4: For the sequence of Gaussian discrimination problems defined by (24),

klim FElep] = klim FEleg] =  klim  Elef;]
No,N1, pP—00 No,N1, p—00 No,N1, Pp—00
kli " kli ¢ kli l P < ¢ H> [‘I) < ¢ )} : 7
= im €y = im €y = im €, = —— =] = ——
nopso0 © nom oo Annpco vD ' D VD
and
, 2 a\12
. AT _ : o7 — N,
- () bS] w
where G and D are given in (40) and H = klim E[H]] = klim E[H]] = 0.
MNo,N1, P—00 No,N1, p—00
Proof: See Appendix. [ |

Theorem 4 suggests the following finite-sample approximation:

. E(Gg]  E[H;]
El&)) = @ | ——F/—=3 =
’ VEDI] FLD] -
_ —E[W()_((),)_Cl,xl)] . E[COV(W()_Co,)_Cl,Xl), W()_Co,)_il,Xg) | )_(0,)_(1)]
VE[Var(W (%o, %X1,%1) | X0, %1)] ’ E[Var(W (%0, %X1,%1) | X0, X1)]

with corresponding approximations to E[éjé]] and E[(é])?] being obtained from (74). These approxi-

mations are asymptotically exact, as shown by Theorem 4. Eq. (77) yields

0 1 1 1
_21_1\/1+§2<m+m>;—n0_1 (78)
\V no

If one throws out extra terms that tend to zero under the Raudys-Kolmogorov limit, this reduces to
(56), showing that both (56) and (54) are asymptotically exact under the Raudys-Kolmogorov limit. For
moderate ng/p and ny/p, the three approximations yield very similar results.

An asymptotically exact approximation to the full second moment E[(¢")?] is obtained from (76) upon
replacing \g by p/ng and A\ by p/n;.

To find the cross-expectation between true error and resubstitution, we can use the representation
of E[e€”] given in (16) in conjunction with the independence of testing and training samples to show

Ele;é]] = E[é'¢]] for i, j = 0, 1. Thus,

Ele¢"] = apaoE | @ <_Cfo> ® _Cfo + agd E |® <_G0> oy !
D ,/Dé“
L )(I) —Gg + a1 F @( G} ><1> Gi

VD§
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where where @, and Dl were defined in (25), and @Z?" and ﬁi’“ were defined in (37). Using the results
of Theorems 1 and 2, the following result immediately follows.

Theorem 5: For the sequence of Gaussian discrimination problems defined by (24),

klim FElepéy]= klim FElepé{]= pklim epeg= pklim epe] =P <_GO> ¢ <_G)

no,M1, P—0 N0,M1, P—00 No,N1, p—00 Nog,N1, P—00 \éﬁ GD (80)
klim Eleiéf]= klim Ele;é]]= pkli "= pkli =9 (=)o —
Kim Flaif]=, im Flad)= pim = pim =0 (Z)e ()
so that
. . . . R -G —Go G1
T T — . I,
no,ylfll}?iooE[ee |= (no,rlfll,lglari»ooE[e]>(no,bll,lzI)ILOOE[e ]> —<I><\/5> [a()(I)( \/E) + a1<1>< D)} (81)

where G, G1, G and D are the same as in (29) and (40).
Theorem 5 suggests the following finite-sample approximation:

Eleé)] ~ @ __E[Go] ® E[Gq]

wiog) \EiDg) ©

. ( —E[W (%o, %1,%) | x € II] > o ( — E[W (%o, %1,%1)] )
\/E[Var(W(io,il,X) ’ X0,X1,X € Ho)} \/E[Var(W(io,il,xl) ’ Xo,il)]

with corresponding approximations to Elegé{], Eleoé{], and E[epé{] being obtained from (79). By

Theorem 5, these approximations are asymptotically exact. Eq. (82) yields

Eleoéy] =~ —= o (83)

o 1 1
_27\/1_T \/1+§2 <no+nl>
no
If one throws out extra terms that tend to zero under the Raudys-Kolmogorov limit, this reduces to
(60), showing that both (60) and (58) are asymptotically exact under the Raudys-Kolmogorov limit. For
moderate ng/p and n;/p, the three approximations yield very similar results.
An asymptotically exact approximation to the full second moment E[eé”| is obtained from (81) upon

replacing \g by p/ng and \; by p/nq.

D. Leave-one-out Error Estimator

In theorem 1, we showed that klim Fle) = @ (— Go ) It follows that

MNo,MN1, P—00 \/5
klim FE[e), ]= klim Fle ] = pklim &, = @ _Go (84)
Ng,MN1, P— 00 0,0 No,N1, P—00 Omo=1 No,N1, P— 00 O \/E

A similar fact applies to  klim E[éll?m]. On the other hand, if (zp,y,) iR (x,y), then z,y, S xy,

No,N1, Pp—00

by the Continuous Mapping Theorem [46]. Thus, we have the following result.
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Theorem 6: For the sequence of Gaussian discrimination problems defined by (24),

klim E[(é)?] = pklim (¢))? = [cp (_Go>]2

No,N1, pP—00 No,N1, P—00 \/E
Kim Flebédl] = pklim ééd =@ (- Go ><1>< G > (85)
T0,M1, p—00 01 ng,nl,p—moo ! \/Di() VD1

Kim B[(é))% = pklim (&) = [Cb <Gl)r

No,M1, P—00 ng,N1, P—00 \/5
so that
klim E[(¢)% = pklim (@1)2—< klim E[él]>2— ! [)\ ® <_G°> + A0 ( G1 >r (86)
ng,N1, P—00 nogh, P—00 ng,N1, p—00 Ao+ M 0 \/5 ! \/ﬁ

where GGy, G1 and D are the same as in (29).

Similar expressions are obtained for E[eé']. An asymptotically exact approximation to the full second

moment F[(é)?] is obtained by replacing Ao by p/ng and A; by p/n;. However, the fact that E [éémo] =

Eleony—1] and E[éll’nl] = FEl€e1n,—1] suggests that a more precise approximation is to replace \g by
no{ 7 and \; by nfi 7, which results in an expression equivalent to (63).

Figures 1-3 plot bias, variance, and RMS of resubstitution and leave-one-out using the asymptotically-
exact approximations derived previously, with finite n and p. These fundamental error estimation per-
formance measures are plotted as a function of total sample size. The balanced case ng = n; = n is
assumed throughout, with the x-axis representing the total sample size 2n. Three curves are plotted in
each case: the label “asym” identifies curves that use “complete” asymptotically-exact approximations,
such as egs. (50), (51), (54), (55), (58), (59), (61), (62), (64), and (65), where terms that tend to zero under
Raudys-Kolmogorov conditions are not removed; the label “asym2” identifies curves that use “simplified”
asymptotically-exact approximations, such as eqgs. (52), (56), (60), (63), and (66), where terms that tend
to zero under Raudys-Kolmogorov conditions are removed; finally, the label “MC” identifies curves
obtained by Monte-Carlo approximation (M = 5000 MC sample sets were used to obtain each point
in these curves). Two Gaussians with different means and equal covariance matrix have been employed
such that the Mahalanobis distance §° = 4 corresponds to Bayes error = 0.1586. These plots show that
the “asyml1” and “asym2” analytical approximations are very close to each other, indicating that the
terms that tend to zero under Raudys-Kolmogorov conditions contribute very little, even at small n and
p. They both show substantial agreement with the MC approximation, which indicates that the analytical
approximations are accurate in finite-sample settings.

Figure 4 displays a plot of the RMS of resubstitution and leave-one-out as functions of both sample

size and dimensionality and again assuming ng = n; = n. The Gaussian distributions used here have
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means fo = —1,%1 and p1 = 1,1 with equal covariance matrices in which the diagonal elements are 1
and off-diagonal elements are p. Notice that here we have not fixed the Bayes error, as the Mahalanobis
distance will change with varying dimension. This allows one to determine the minimum value of RMS
in terms of both sample size and dimensionality, shown by the pink line. Notice that for each sample size,
the RMS decreases as a function of p and then increases for increasing p. We refer to this phenomenon

as RMS peaking.

p=68 —— asym loo p=15 —— asym loo
-1 ---- asym? loo -1 ---- asym2 loo
o — = MC oo o — = MC oo
o — asym resub o — asym resub
o ---- asym2 resub o - asym2 resub
4 = - — MC resub n MC resub
e e e
=1 = =1 —
o o
=] =]
T T T T T T T T T T T T T T T T T T T T 71 LN N N S A R A S B R A N B B N R B B
40 60 80 100 130 160 190 220 250 40 60 80 100 130 160 190 220 250

(@) {b)

Fig. 1. Comparison of expectation for resubstitution and leave-one-out using the double asymptotic approximation with Monte

Carlo estimates as a function of sample size for dimensions p = 6 and 15 (Bayes error 0.1586).

% 1 p=8 —— asym loo % 1 p=1s —— asymloo
---- asym?2 loo ---- asym2 loo
T — = MCloo n — = MC oo
‘g: ——  asym resub ‘g: ) —  asym rasub
) ---- asym2 resub 3 ¥ -- -+ asymz resub
=] : — = MC rasub =] ) — = MC resub

0.002
|
0.002
|

40 60 80 100 130 160 190 220 250 40 60 80 100 130 160 190 220 250
(@ (b)

Fig. 2. Comparison of deviation variance for resubstitution and leave-one-out using the double asymptotic approximation with

Monte Carlo estimates as a function of sample size for dimensions p = 6 and 15 (Bayes error 0.1586).
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p=8 —— asym loo p=15 —— asym loo
1 ---- asym?2 loo 1 ---- asym2 loo
- — = MCloo - — = MC oo
(= —— asym rasub (= —— asym rasub
= ---- asymZ resub = - asym2 resub
| — = MC resub | MC resub
3 - 3 -
= =
g g
= T T T T T T T T T T T T T T T T T T T T1 = T T T T T T T T T T T T T T T T T T T 711
40 60 80 100 130 160 190 220 250 40 60 80 100 130 160 190 220 250
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Fig. 3. Comparison of RMS for resubstitution and leave-one-out using the double asymptotic approximation with Monte Carlo

estimates as a function of sample size for dimensions p = 6 and 15 (Bayes error 0.1586).

-

Fig. 4. Demonstration of RMS peaking phenomenon for p = 0.3: (a) resubstitution, (b) leave-one-out

VI. ASYMPTOTIC PERFORMANCE OF ERROR ESTIMATION

In this section we state the consequences of the Theorems 1-6 to the limiting values of bias, variance,
and RMS of resubstitution and leave-one-out error estimators under Raudys-Kolmogorov asymptotic
conditions.

From Theorems 1 and 2, we conclude that the asymptotic bias of resubstitution is given by (for the

sake of simplicity, we consider here the asymptotically balanced case \; = A\g = \):

2 1
Kim Biasle’] = @ [~ 142 ) a2 L ) <o (87)
Tg,71, p—00 2 62 2 1y
62
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Therefore, resubstitution has an optimistic asymptotic bias. Recalling that under the Raudys-Kolmogorov
limit we have ng/p,n1/p — 1/, we observe that this bias disappears as the sample sizes ng,nq
grow much faster than the dimensionality p. In fact, this is also true if the opposite happens and the
dimensionality grows much faster than the sample sizes; however, this corresponds to the no-information
case  klim Elg = klim E[e"] = . As for the asymptotic bias of leave-one-out, since E[éin] =

No,MN1, p—00 To,MN1, p—00

Eleipn,—1], fori=0,1, klim Bias[¢!] =0. This is true also in the unbalanced case A\ # ;.

No,M1, P—00

A consequence of Theorems 1-6 is that all variances and covariances are asymptotically zero,

klim Var(e)= klim Var(¢é")= klim Var(é))= klim Cov(e,é")= klim Cov(e,é)=0,  (88)

No,N1, p—00 N,N1, p—00 To,MN1, p—00 No,Mn1, p—00 No,N1, p—00

which also holds when \g # \;. Thus, the deviation variances are also asymptotically null:

klim Varg[é"] = klim Varg[é'] = 0 (89)
No,N1, P—00 No,M1, P—00
Hence, klim RMS[é"] = |Bias[¢"]|, whereas klim RMSI[é'] = 0. Thus, the asymptotic RMS of
Mg M1, p—00 Mo, 11, p—00

leave-one-out is 0 under any limiting rates Ao and A; between sample sizes and dimensionality.

VII. ASYMPTOTIC RMS BOUNDS

When one designs a classifier and reports an error estimate, there is no way to tell how accurate the
estimate is because we do not know the true error of the classifier. Knowledge of estimation accuracy
rests with the accuracy of the error estimation rule, which is most commonly judged by the RMS. When
reporting an estimate, it is beneficial to state some bound on the RMS. In addition, as in any experimental
situation, it would be useful to determine ahead of time the the minimum sample size necessary to obtain
a desired degree of estimation accuracy. In particular, if one has a bound on the RMS in terms of sample
size, then the required sample size for a desired RMS can be obtained. There exist some distribution-free
bounds for some classification rules [13], [14], [35], but these bounds tend to be very loose and of limited
practical value.

In considering RMS bounds using the RMS expressions developed herein, one must keep in mind
that the expressions are asymptotic. In intensive simulation studies, we have observed that the finite
sample approximations obtained for RMS[é"] and RMS[é!] are very accurate when 0 < €4, < 0.3 for
all dimensions, but while they retain good accuracy when the Bayes error is between 0.3 and 0.5 for
high dimensions, accuracy deteriorates in this high-Bayes-error setting for low dimensions. This can be
partially explained by noticing the fact that the finite sample approximations obtained from the Raudys-
Kolmogorov asymptotic conditions are inherently suitable for cases where the dimension is comparable

to the sample size.
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A. Derivation and Sample Size Calculation

Let the desired bound be x¢(n,p) = maxg<e,,,<0.5 RMS[€], where é = ¢" or ¢!, and n = ng = ny, for
simplicity. From Theorems 1-6, one can obtain a relatively simple analytical expression for nkliLnOORMS[é],
which can be readily verified (by computation of the derivative) to be a decreasing fu;ition of the
Mahalanobis distance J, and therefore an increasing function of the Bayes error, €, = ®(—0/2), for
fixed A\g and \;. Therefore, we have that x¢(n, p) ~ lims_o nk}l)iinooRMS [€]. Letting § — 0 in our analytical

expression for lims_,o klim RMS[¢] yields therefore an approximate bound for finite samples:
n, p—00

sz o= b (S (D) FOET) e
RMS[é'] < ke (n,p) = \/81n+<1><—\/$,—\/g; i) —é o1

Based upon the preceding comments, these will be very accurate in high dimensions and less so for small

dimensions.

It can be seen from (90) and (91) that the bound for leave-one-out is much less affected by dimen-
sionality than the bound for resubstitution. This is because the terms involving p in (91) are functions of
\/W, whereas the corresponding terms in (90) are functions of \/]% This difference in sensitivity
to dimension between resubstitution and leave-one-out is not specific to the bound x¢(n, p) but holds for
the RMS in the whole range of §2. This fact can be seen in the shape of the surfaces in Fig 4.

To find the necessary number of samples to insure a given RMS, one can find the minimum 7 to satisfy
(90) and (91). Table I shows the minimum number of sample points needed for resubstitution and leave-
one-out to achieve a given value of x¢(n,p). In this table we have considered different dimensions for
resubstitution and only two dimensions for leave-one-out. The reason, as mentioned before, is that leave-
one-out is much less affected by dimensionality. To test the applicability (robustness) of the expressions in
(90) and (91), and the necessary sample sizes determined from these expressions, we have examined the
effect of estimating the covariance matrix, defined in the definition of discriminant, on k¢(n, p), which has
been obtained under the assumption of a known covariance matrix. This has been accomplished by using
the required sample sizes in Table I in a Monte-Carlo estimation of «¢(n,p) when the covariance matrix
is estimated from the data (M = 10000 MC sample sets were used). The results are shown in Table I
by the values in parentheses. Comparing these values with the given values of x¢(n,p) on the left-hand
side of the table reveals that (90) and (91), and the sample sizes determined therefrom, can be reliably

used in practice. Table I shows that the required sample size for resubstitution increases significantly
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as the dimension increases, whereas for leave-one-out the increase is slight, an observation consistent

with the RMS peaking phenomenon seen in Fig. 4. As a final point, since the bounds are determined

by €pay = 0.5 and the finite sample RMS approximations are less accurate for 0.3 < €,y < 0.5 for low

dimensions, in Table I we see that the accuracy of the results improves as the dimension increases.
TABLE 1

MINIMUM SAMPLE SIZE, n, (ng = n1 = n) FOR DESIRED k¢ (n, p). THE VALUES IN PARENTHESES ARE THE MONTE-CARLO

ESTIMATES OF ke (n, p) WHEN COVARIANCE MATRIX IS ESTIMATED FROM DATA (M = 10000 MC SAMPLE SETS).

resub loo

ke(n,p) p=2 p=3 p=4 p==6 p=10 p=3 p=10

0.05 114 145 177 240 367 88 92
(0.043) (0.045) (0.045) (0.047) (0.048) (0.054) (0.048)

0.06 79 101 123 167 254 62 65
(0.051) (0.053) (0.054) (0.056) (0.058) (0.065) (0.056)

0.07 58 74 90 122 187 46 49
(0.060) (0.062) (0.063) (0.066) (0.067) (0.076) (0.065)

0.08 44 57 69 93 142 36 38
(0.069) (0.070) (0.073) (0.075) (0.078) (0.083) (0.074)

0.09 35 45 54 74 112 29 31
(0.076) (0.080) (0.083) (0.085) (0.088) (0.091) (0.083)

0.10 28 36 44 60 91 24 25
(0.087) (0.090) (0.092) (0.095) (0.098) (0.101) (0.091)

B. Comparison with Distribution-Free Bounds

It is illuminating to see how much tighter the RMS bounds based upon an exact (or asymptotic)
representation of the RMS can be as compared to using a distribution-free approach, which has been
the classical way of attacking the problem. We cannot make this comparison directly because heretofore
no distribution-free RMS bounds for LDA have been published, to the best of the authors’ knowledge.
Consequently, to get some sort of comparison of the magnitudes, we consider the following previously
known distribution-free bound for the histogram classification rule and leave-one-out [35]:

1+ 6e1L 6
RMSJél] < + 92
[€] ¢ o™ 1) (92)

The number of sample points determined from (92) to have RMS < 0.08 is approximately n = 140000;

this magnitude is typical of sample size calculations made from ditribution-free bounds. By comparison,
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n = 38 sample points for p = 10 are obtained from Table I for the LDA rule under the Gaussian

assumption and leave-one-out.

C. Gene-Expression Classification Example

In this section, we demonstrate the practical use of RMS bounds in the case of classification using gene-
expression data from a breast-cancer study that analyzed 295 gene-expression microarrays containing
a total of 25760 transcripts on each [47]. Discrimination is between good versus bad prognosis. For
this experiment, p = 3 transcripts are selected. From Table I, to have k¢ (n,p = 3) = 0.1, we need
ng = n1 = 36, which also makes xa(n,p = 3) < 0.1. We selected randomly 36 sample points from
each class, and applied the t-test to each gene to find significant differences between the good prognosis
class and bad prognosis class; 53 of the 70 genes in the study had p-value less than 0.05. We chose the
9 genes showing the most significant differences among the two classes. Among these genes we picked
three genes Contig28552_RC, NM_003981 and NM_020188 (p = 3), shown to be close to Gaussian by
the Shapiro-Wilk test and to have close to equal covariance matrices between classes by Box’s M test.
The significance level for all tests is 95%. The estimated errors using these three genes are ¢ = 0.153
and ¢ = 0.167, with hold-out giving a good approximation of the true error to be 0.164. Comparing
the values of hold-out in these examples with those of the estimators themselves, we conclude that both
resubstitution and leave-one-out have reasonably estimated the true error. Figure 5 shows the designed
classifier. This example demonstrates how one can use Table I and combine it with the proper assumptions
to get to a reliable estimation of the true error.

VIII. CONCLUSION

Using the double asymptotic method of Raudys-Kolmogorov, we have derived double asymptotic
(in sample size and dimension) representations for the second moments and cross-moments with the
actual error for resubstitution and leave-one-out in a multivariate Gaussian model. From these, the bias,
variance, and RMS for resubstitution and leave-one-out as estimators of the actual error can be computed.
Such asymptotic results have historically been shown to provide good small sample approximations and
this has been demonstrated in the present situation via numerical comparisons. As has generally been
historically the case, the results for known covariance matrix have been obtained prior to those for
unknown covariance matrix, the latter typically being significantly more difficult. Obtaining corresponding

results with unknown covariance matrix is the next logical step in the line of this research.
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Fig. 5. The designed classifier for good-prognosis (green) vs. bad-prognosis (red) using the minimum number of samples to

get a given RMS. The three genes selected are Contig28552_RC, NM_003981 and NM_020188.
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APPENDIX A

PROOF OF THEOREM 1

Since the classification error € is invariant to any linear transformation, we can use the canonical
convenient form proposed by [48], with X =T and py = —ug = (%,O, ) K
We prove that Var(ég)ﬁ(). Let v(i) denote the i-th component of vector v. We have
~ 5 p
Var(Gg) = Var(E[W (Xo,X1,X) | X0,X1,x € IIy]) = Var ((—2 — x(l)) a(l)—Zx(i)a(z’)) (93)
where X = % and a = X¢ — X7 are Gaussian vectors, with mean vectors and covariance
4\ny " n1 ng M

1/1 1 1 1
,u,—cz((),...,O),,ug,:(—é,(),...,O),E,—(:(+ )Ip,25:<+>lp %94)

Given the independence of the vector components, and using the results of [49] to find the variance of

a product of non central Gaussian vectors, algebraic manipulation leads to:

- 62 11
0 1
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as desired. By a simple application of Chebyshev’s inequality, it follows that

pklim Gy = klim E[Go] = klim E[W (%o, %1,x) | x € II]

ng,n1, p—00 No,M1, P—00 Nno,N1, p—00

2 1 1 1
= klim [54_1}(_)} 25(52—1—)\1—)\0)26’0

no,n1, p—oo | 2 2\n1  ng

(96)

An analogous argument shows that Var(é1)£0 and

pklim Gy = klim E[Gy] = %(52+)\0 el 97)

ng,N1, P—00 No,N1, pP—00

Now we prove that Var(f)o)go. We have
Dy = Var(W (%o, %1,x) | %o, X1, x € Ilp) = a’ Bya = a’a = 62 (98)

since By = I, where a is defined as before and 6% = (%o — %X;)” (X9 — X1). Notice that
52 o 0P )
L—FL ~ X1 L‘FL +Xp—1 99)
0o ni Mo n1
i.e., the sum of a noncentral and a central independent chi-square random variable, with the noncentrality

parameter and degrees of freedom indicated. It follows that

) 1 1\ 52 1 1 1 1\’k
Var(Dy)= <+> Var (X% <1+1>> —|—Var(X129_1)]:452 <no+n1> +2p <n0+n1> =0
ny

nog ni o

(100)

as desired. By a simple application of Chebyshev’s inequality, it follows that

pklim Dy = klim E[Do] = klim E[Var(W (%o, %1,x) | Xo,%1,% € )]
ng,N1, P—00 No,N1, p—00 no,N1, p—00

1 1 A (101)

= klim [52+p(+>] =8 4+XN+M=D

Ng,MN1, p—00 no n

An analogous argument shows that Var(f)l)g() and pklim D; = klim E[Di] = 62+ o+ A\ = D.

no,n1, pP—00 Mo,N1, P—00

By using the Continuous Mapping Theorem [46], it follows that

pklim ey = pklim & | — GE) = pklim — GE) = <_GO>
No,Nn1, P—00 ng,N1, P— 00 DO T0,M1, P—00 DO \/E

. . (102)
. . Gl . Gl Gl
pklim ¢ = pklm ®| — ] = @ pklm —— | = & <
Ng,N1, p—00 No,N1, p—00 vV D1 No,N1, p—00C D1 \/5
Boundedness and continuity of & allows one to apply the Helly-Bray Theorem [50] to obtain
klim FEle]= klim E |®[— G? =F|®| pklim _Cfo =3 <_G0)
No,N1, P— 00 No,N1, pP— 00 A/ DO o ,M1, P—00 DO \/E
. . (103)
klim Ele]= klim E |® GA =F|®| pklim i ;) <G1
oo | s D, o s/ D, VD
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APPENDIX B

PROOF OF THEOREM 2

Using the linear transformation introduced in the proof of Theorem 1, we first transform the data to

normal distributions with 3 =T and p; = —po = (g, 0,0,...,0)T
We prove that Var(G( )5>0 and Var(D{ )£0 Notice that the random vector (x?, %%, %%) has a

multivariate normal distribution with mean vector (,u(:)r, ,ug, p¥) and covariance matrix

I nlo 0
L 1 g (104)
0 0 nll

Using properties of the multivariate normal distribution [51], we conclude that

1
X1 ‘ Xg, X1 ~ N <X0, <1 — >I> (105)
no
From this it follows easily that
- ,=A\T 52
o 1Y) -
X1—XO+X1 (5(0—)7(1) | X0, X1 ~N|—,[1—— 52 (106)
2 2 no

in which §2 = (%o — %1)" (X0 — X1). Hence, to show that Var(ég)gO and Var(Dé’)go, all we need to

do is to show that Var(32)£>0. As we proved (100) using (99), it follows that

. 11 1 1\?
Var(0?) = 46> < + ) +2p < + ) £0 (107)
no niy no ni

as desired. By a simple application of Chebyshev’s inequality, it follows that
62 11 1
{ p( + )]_2(52“0“1)50 (108)

7_1_7

. A r__ . A ry__ .
nggmlil;ffooGo B no,kllvllgriOOE[GO ] B no,%il}r)ri)oo 2 2 \ no ni
. . 1 1 1
pklim Dy = klim E[Dj]= klim [(1) <52+p <+>>} =624+ )\ 2p (109)
N0,M1, P—00 Nno,MN1, P—00 no ng ni

No,N1, p—00

An analogous argument shows thatVar(G )50 and Var(D/ )50 and
. ) 1
pklim GT= klim E[GT]=—=(6%+ X+ A1) =—G,
ng,N1, P—00 No,N1, P—00 2

pklim D7 = klim E[D]]=624 X g+ A\ =D
To,M1, P—00 No,N1, pP—00
The rest of the proof proceeds much as in the case of the proof of Theorem 1. By using the Continuous

Mapping Theorem [46], it follows that

pklim @ | — G =&| pklim -— G —¢<—G>
/f)g \/5

pklim ej = -
No,N1, p—00 No,N1, p—00 /DS’ To,N1, p—00
(110)
Gr Gr G
pklim e/ = pklim ® L_| =& pklim Ll=0(——
1 A A

MNo,N1, P—0C MNo,MN1, p—0C /Di{’ No,N1, Pp—0O0 Dl’r’ \/5
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Boundedness and continuity of ® allows one to apply the Helly-Bray Theorem [50] to obtain

klim E[¢)]= klim E[e¢}]= klim E |® —% ) _p o pklim —G0 ) o <_G>

No,N1, P—00 No,M1, P—00 No,M1, P—00 /ﬁor no,MN1, P—00 I)g \/E
(111)
N A _
klim E[¢]]= klim E[e]]= klim E |® G| g o prim 9L |= (G>
0,11, P00 To,M1, P—00 To,M1, P00 /f)lr To,N1, P—00 blr \/E

From this it also follows that

. . . . . R . A1 -G Ao < —G) < —G)
kl FEle"]= kl Elell + a1 Elef]) = o + ) =P —
no,nblzg]ioo €] no,m,lzggoo(ao (€] + an Bler]) Ao+ M (VD) Ao+ M1 VD VD

APPENDIX C

PROOF OF THEOREM 4

Using the linear transformation in the proof of Theorem 1, we transform the data to normal distributions
with ¥ =Tand j1y = —po = (g, 0,0,...,0)T. In the proof of Theorem 2, it was shown that Var(@f)go

and Var(ﬁ[)ﬁo, for i = 0, 1, from which we have:

A 1
pklim G§ = 5(62+)\0+>\1) =G,

No,N1, P—00

. 1
pklim G§ = —5(52+)\0+)\1) = -G, (112)

No,MN1, p—00

pklim DJ = pklim D] = 62+ X+ A = D

Nng,N1, p—00 No,N1, pP—00
We now prove that Var(ﬁo’")ﬁ(). Similarly to the proof of Theorem 2 and the way (105) was obtained,

it is possible to show that

x % (1 . i) I 11
gz ~N| |0, n mo (113)
X9 )_(0 _n%)]: (1 — nio) I
It follows that R 1 o
HOT = COV(W()_([),)_Cl,Xl),W()_((_),)—(l,Xg) |)_(0,)_(1) = ——6 (114)

L
where 42 was defined in the proof of Theorem 2. It was shown there that Var(32)£0. Therefore,

Var(f[o’")5>0, as desired. Application of the Chebyshev’s inequality yields

pklim HJ = klim E[H]] = klim E[Cov(W (Xo,X1,x1), W (Xo,X1,X2) | Xo,X1)]
No,N1, P—00 No,MN1, pP—00 No,N1, P—00
SR 5 1 1
= Klim - —E[] = Kim [_ _p <2+ )} _ 0
no,N1, P—00 T nonyp—oo| ng 2 \ng  mony
An analogous argument shows that Var(lEI 1”)50 and pklim H ;= klim F [I—Y {] = 0. The rest of

ng,N1, P— 00 No,N1, pP—00

the proof proceeds as in the case of the proofs of Theorem 1 and 2.
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